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Êëàñ ìåðîìîðôíèõ ôóíêöié íèæíüîãî ïîðÿäêó λ i ïîðÿäêó ρ ïîçíà÷èìî M(λ, ρ),
à M0

+(λ, λ+1) ìíîæèíó f ∈ M(λ, λ+1), ùî çàäîâîëüíÿþò óìîâè lim
r→+∞

T (r, f)/rλ > 0

i T (r, f) = o(rλ+1), r → +∞. Ð.Íåâàíëiííà äîâiâ, ùî

T (r + 1, f) ∼ T (r, f), (r → +∞) (*)

äëÿ f ∈ M(λ, ρ) çà óìîâè ρ − λ < 1. À.À. Ãîëüäáåðã äîâiâ, ùî òàêi ôóíêöi¨ f
çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

T (r + ln r, f) ∼ T (r, f), (r → +∞), (**)

à (*) âèêîíó¹òüñÿ i äëÿ ôóíêöié ç ìíîæèíè M0
+(λ, λ+ 1).

Ç'ÿñîâàíî, ùî äëÿ f ∈ M0
+(λ, λ+ 1) ñïiââiäíîøåííÿ (**) ìîæå íå âèêîíóâàòèñÿ.

Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, íèæíié ïîðÿäîê, ïîðÿäîê, íåâàíëiííîâà õàðàê-
òåðèñòèêà.

1. Âñòóï

Ðîçãëÿäà¹òüñÿ îäíà âëàñòèâiñòü íåâàíëiííiâñüêî¨ õàðàêòåðèñòèêè T (r, f) ìåðî-
ìîðôíèõ â C (íàäàëi ìåðîìîðôíèõ) ôóíêöié f .
Òåîðåìà À. [1, ñ. 271]. Íåõàé f � ìåðîìîðôíà ôóíêöiÿ ïîðÿäêó ρ i íèæíüîãî
ïîðÿäêó λ. ßêùî ρ− λ < 1, òî

lim
r→+∞

T (r + 1, f)

T (r, f)
= 1. (1)

Iç ìiðêóâàíü [2, ñ. 208-209] âèïëèâà¹, ùî çà óìîâ òåîðåìè À

lim
r→+∞

T (r + ln r, f)

T (r, f)
= 1. (2)

Â [3] äîâåäåíî, ùî â òâåðäæåííi (2) ìîæíà çàìiñòü ln r ïðèéíÿòè äîâiëüíó
ïîâiëüíî çìiííó ôóíêöiþ L(r), òîáòî äîäàòíó íåïåðåðâíî äèôåðåíöiéîâíó íà [1,+∞)
ôóíêöiþ L òàêó, ùî rL′(r) = o(L(r)), r → +∞. Ìîäèôiêóâàâøè ìiðêóâàííÿ ïðè
äîâåäåííi òåîðåìè 6.5 ç [2], îòðèìó¹ìî òâåðäæåííÿ.
Òåîðåìà Á. Íåõàé f � ìåðîìîðôíà ôóíêöiÿ íèæíüîãî ïîðÿäêó λ > 0 i ïîðÿäêó
ρ = λ+1. ßêùî lim

r→+∞
T (r, f)/rλ > 0 i T (r, f) = o(rρ), r → +∞, òî âèêîíó¹òüñÿ (1).

Ó âèïàäêó λ = 0 ç ìiðêóâàíü [2, ñ. 208-209] ëåãêî îòðèìàòè, ùî (2) ñïðàâäæó¹òü-
ñÿ, ÿêùî T (r, f) = O(r), r → +∞.

Ìè äîâîäèìî, ùî ó âèïàäêó λ > 0 çà óìîâ òåîðåìè Á òà ïðè λ = 0, ρ = 1 i
T (r, f) ̸= O(r), r → +∞ ñïiââiäíîøåííÿ (2) ìîæå íå âèêîíóâàòèñü.
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2. Ôîðìóëþâàííÿ òà äîâåäåííÿ îñíîâíèõ ðåçóëüòàòiâ

Ïðàâèëüíi òàêi òâåðäæåííÿ.
Òåîðåìà 1. Äëÿ äîâiëüíîãî λ > 0 iñíó¹ ìåðîìîðôíà ôóíêöiÿ f , ÿêà çàäîâîëüíÿ¹

óìîâè òåîðåìè Á i

lim
r→+∞

T (r + ln r, f)

T (r, f)
> 1.

Òåîðåìà 2. Iñíó¹ ìåðîìîðôíà ôóíêöiÿ f , äëÿ ÿêî¨ λ = 0, ρ = 1 i T (r, f) ̸= O(r)
ïðè r → +∞ i (2) íå âèêîíó¹òüñÿ.

Äëÿ äîâåäåííÿ òåîðåì âèêîðèñòîâó¹ìî òàêèé ðåçóëüòàò.
Òåîðåìà Â. [4]. Íåõàé Φ íåñïàäíà îïóêëà ñòîñîâíî ëîãàðèôìà íà [1,+∞) ôóíêöiÿ,
Φ(r)/ ln r → +∞, r → +∞. Òîäi iñíó¹ öiëà ôóíêöiÿ f òàêà, ùî

T (r, f) ∼ Φ(r), r → +∞.

Äîâåäåííÿ òåîðåìè 1. Íåõàé f çàäîâîëüíÿ¹ óìîâè òåîðåìè Á. Çàâäÿêè òåîðåìi
Â äëÿ äîâåäåííÿ òåîðåìè 1 äîñòàòíüî ïîáóäóâàòè ïðèêëàä ñòîñîâíî ëîãàðèôìà íà
[1,+∞) ôóíêöi¨ ψ òàêî¨, ùî äëÿ äîâiëüíîãî λ > 0 âèêîíó¹òüñÿ

rλ ≤ ψ(r) ≤ rλ+1/ ln r, (3)

lim
r→+∞

ψ(r + ln r)/ψ(r) > 1. (4)

i) Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê λ > 1. Íåõàé α = λ/(λ − 1) i ïîñëiäîâíiñòü
äîäàòíèõ ÷èñåë òàêà, ùî r1 = max{4; eλ}, rn+1/r

α
n > 2. Ïðèéìåìî r∗0 = 1 i äëÿ

n ∈ N

ψ(r) =

 rλ, ÿêùî r∗n−1 ≤ r ≤ rn;

rλn

(
r−rn
ln rn

+ 1
)
, ÿêùî rn ≤ r ≤ r∗n,

äå r∗n ∈ [
rαn

(λ ln rn)1/(λ−1) , r
α
n ] òàêå, ùî

ψ(r∗n) = (r∗n)
λ, (5)

ψ(r) > rλ, r ∈ (rn, r
∗
n), (6)

ψ(rn)

ln rn
< λ(r∗n)

λ−1. (7)

Äîâåäåìî iñíóâàííÿ òàêî¨ òî÷êè r∗n. Äëÿ ôóíêöi¨ g(r) = rλ − ψ(r) = rλ −
rλn
(
r−rn
ln r + 1

)
, r ≥ rn, ìà¹ìî g

′(r) = λrλ−1− rλn
ln rn

= 0 ïðè r = r̃n =
rαn

(λ ln rn)1/(λ−1) < rαn ,

g′(r) < 0, r ∈ (rn, r̃n), g
′(r) > 0, r ∈ (r̃n,+∞).

Îñêiëüêè g(rn) = 0,

g(rαn) = rαλn − rλn

(
rαn − rn
ln rn

+ 1

)
= rαn

(
rλn − 1

ln rn

)
+ rλn

(
rn
ln rn

− 1

)
> 0,

òî iñíó¹ r∗n ∈ (r̃n, r
α
n) òàêå, ùî g(r

∗
n) = 0, g(r) < 0 äëÿ r ∈ (rn, r

∗
n), g

′(r∗n) > 0, òîáòî
âèêîíó¹òüñÿ (5)-(7).
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Iç ñïiââiäíîøåíü

rψ′(r) = λrλ çðîñòà¹ íà [r∗n−1, rn];

rψ′(r) =
rλn
ln rn

r çðîñòà¹ íà [rn, r
∗
n];

rnψ
′(rn − 0) = λrλn ≤ rλ+1

n

ln rn
= rnψ

′(rn + 0);

r∗nψ
′(r∗n − 0) =

ψ(rn)

ln rn
r∗n ≤ λ(r∗n)

λ = r∗nψ
′(r∗n + 0) (äèâ. (7))

îòðèìó¹ìî, ùî ψ îïóêëà ñòîñîâíî ëîãàðèôìà íà [1,+∞) ôóíêöiÿ.
Î÷åâèäíî, ùî (3) âèêîíó¹òüñÿ äëÿ r ∈ [r∗n−1, rn], n ∈ N. Äëÿ ôóíêöi¨ G(r) =

rλ+1/ ln r − ψ(r), r ∈ [rn, r
∗
n] âèêîíó¹òüñÿ

G(rn) =
rλ+1
n

ln rn
−rλn > 0, G′(r) = rλ

(λ+ 1) ln r − 1

ln2 r
− rλn

ln rn
≥ G′(rn) =

λ ln rn − 1

ln2 rn
rλn > 0,

à îòæå, G(r) > 0, òîáòî ψ(r) ≤ rλ+1/ ln r íà [rn, r
∗
n]. Âðàõîâóþ÷è (6) îòðèìó¹ìî, ùî

(3) âèêîíó¹òüñÿ i äëÿ r ∈ [rn, r
∗
n], n ∈ N. Ëåãêî áà÷èòè, ùî

lim
r→+∞

ψ(r + ln r)/ψ(r) ≥ lim
n→+∞

ψ(rn + ln rn)/ψ(rn) = 2,

à îòæí, ñïðàâäæó¹òüñÿ (4).
ii) Ó âèïàäêó 0 < λ ≤ 1 âèáèðà¹ìî ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë òàêó, ùî r1 =

(4/λ)10/λ, rn+1/r
8/λ
n > 2. Ïðèéìåìî r∗0 = 1, r̂n = r2n

√
rn i äëÿ n ∈ N

ψ(r) =


rλ, ÿêùî r∗n−1 ≤ r ≤ rn;

ψ(rn)(
r−rn
ln rn

+ 1), ÿêùî rn ≤ r ≤ r̂n;

ψ(r̂n)
(
(r − λr̂n

2 )λ/2 + 1− (r̂n − λr̂n
2 )λ/2

)
, ÿêùî r̂n ≤ r ≤ r∗n,

äå r∗n ∈ (r̂n, r
8/λ
n ) òàêå, ùî

ψ(r∗n) = (r∗n)
λ; (8)

ψ(r) > rλ, r ∈ (r̂n, r
∗
n); (9)

ψ(r̂n)

2(r∗n − λr̂n
2 )1−λ/2

< (r∗n)
λ−1. (10)

Äîâåäåìî iñíóâàííÿ òî÷êè r∗n. Äëÿ ôóíêöi¨

g(r) = rλ − ψ(r) = rλ − ψ(r̂n)

((
r − λr̂n

2

)λ/2

+ 1−
(
r̂ − λr̂n

2

))
, r ≥ r̂n,

ìà¹ìî

g′(r) =
λ

r1−λ

(
1− ψ(r̂n)/2

rλ/2

(
1− λr̂n

2r

)λ/2−1
)

=
λ

r1−λ
α(r),
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äå α(r) çðîñòà¹ äî 1 ïðè r → +∞,

α(r̂n) = 1−
r
5/2+λ
n (1− rn−ln r

r2n
√
rn

)

2(1− λ
2 )

1−λ/2r
5λ/4
n

< 1− r
5/2−λ/4
n

4
< 0,

α(r2+5/λ
n ) > 1− r

5/2+λ
n 21−λ/2

2r
λ/2(2+5/λ)
n

= 1− 1

2λ/2
> 0.

Îòæå, iñíó¹ r̃n ∈ (r̂n, r
2+5/λ
n ) òàêå, ùî g′(r̃n) = 0, g′(r) < 0 íà (r̂n, r̃n), g

′(r) > 0
äëÿ r > r̃n.

Îñêiëüêè

g(r̂n) = (r̂n)
λ − ψ(r̂n) = (r̂n)

λ − rλnr̂n

(
1− rn − ln r

r2n
√
rn

)
< r̂n

(
1

(r̂n)1−λ
− rλn

2

)
< 0,

g(r8/λn ) > r8n − ψ(r̂n)r
4
n

(
1− λr̂n

2r
8/λ
n

)λ/2

> r8n − rλ+6.5
n

(
1− rn − 1

r2n
√
rn

)
> 0,

òî iñíó¹ r∗n ∈ (r̃n, r
8/λ
n ) òàêå, ùî g(r∗n) = 0, g(r) < 0 íà (r̂n, r

∗
n), g

′(r∗n) > 0, òîáòî
(8)-(10).

Iç ñïiââiäíîøåíü

rψ′(r) = λrλ çðîñòà¹ íà [r∗n−1, rn];

rψ′(r) = rrλn/ ln rn çðîñòà¹ íà [rn, r̂n];

rnψ
′(rn − 0) = λrλn ≤ rλ+1

n / ln rn = rnψ
′(rn + 0);

rψ′(r) =
λ

2
ψ(r̂n)

r

(r − λr̂n
2 )1−λ/2

çðîñòà¹ íà [r̂n, r
∗
n],

áî

(
r

(r − λr̂n
2 )1−λ/2

)′

=
λ
2 (r − r̂n)

(r − λr̂n
2 )2−λ/2

≥ 0;

r̂nψ
′(r̂n − 0) =

r̂nr
λ
n

ln rn
≤ r̂n

λ

2
rλn(

r̂n − rn
ln rn

+ 1)
1

(r̂n − λr̂n
2 )1−λ/2

= r̂nψ
′(r̂n + 0),

áî
λ

2

(r̂n)
λ/2(1− rn−ln rn

r2n
√
rn

)

(1− λ/2)1−λ/2
≥ λ

4
(r̂n)

λ/2 > 1;

r∗nψ
′(r∗n − 0) = r∗n

ψ(r̂n)λ

2(r∗n − λr̂n
2 )1−λ/2

≤ (r∗n)
λλ = r∗nψ

′(r∗n + 0) (äèâ. (10)),

îòðèìó¹ìî, ùî ϕ îïóêëà ñòîñîâíî ëîãàðèôìà íà [1,+∞) ôóíêöiÿ.
Àíàëîãi÷íî, ÿê ó âèïàäêó i), äîâåäåìî, ùî âèêîíó¹òüñÿ (3)

ρ[ψ] = lim
r→+∞

lnψ(r)

ln r
≥ lim

n→+∞

lnψ(2rn)

ln(2rn)
= lim

n→+∞

ln(rλ+1
n / ln rn − rλn)

ln(rn)
= λ+ 1,

λ[ψ] = lim
r→+∞

lnψ(r)

ln r
≤ lim

n→+∞

lnψ(rn)

ln rn
= λ,

i âðàõîâóþ÷è (3) ìà¹ìî ρ[ψ] = λ+ 1, λ[ψ] = λ. Íàðåøòi,

lim
r→+∞

ψ(r + ln r)/ψ(r) ≥ lim
n→+∞

ψ(rn + ln rn)/ψ(rn) = 2 > 1,
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ùî i òðåáà áóëî äîâåñòè.
Äîâåäåííÿ òåîðåìè 2. Çàâäÿêè ðåçóëüòàòó ïðàöi [4], ÿê i ïðè äîâåäåííi òåîðåìè 1,

íàì äîñòàòíüî ïîáóäóâàòè íåñïàäíó, îïóêëó ñòîñîâíî ëîãàðèôìà íà [1,+∞)ôóíêöiþ
ϕ òàêó, ùî λ[ϕ] = 0, ρ[ϕ] = 1, ϕ(r) ̸= O(r) ïðè r → +∞ i lim

r→+∞
ϕ(r + ln r)/ϕ(r) > 1.

Íåõàé (rn) ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë òàêèõ, ùî r1 = e2, rn+1/r
2rn
n > 2, r̂n =

2rn − ln rn. Ïðèéìåìî r
∗
0 = 1 i äëÿ n ∈ N

ϕ(r) =


ln2 r, ÿêùî r∗n−1 ≤ r ≤ rn;

ϕ(rn)
(

r−rn
ln rn

+ 1
)
, ÿêùî rn ≤ r ≤ r̂n,

ϕ(r̂n)(1 + 2 ln(r/r̂n)), ÿêùî r̂n ≤ r ≤ r∗n,

äå r∗n ∈ (rrnn , r2rnn ) òàêà, ùî

ϕ(r∗n) = ln2 r∗n; (11)

ϕ(r) > ln2 r, r ∈ (r̂n, r
∗
n); (12)

ϕ(r̂n) < ln r∗n. (13)

Äîâåäåìî iñíóâàííÿ òàêî¨ òî÷êè r∗n. Äëÿ ôóíêöi¨

g(r) = ln2 r − ϕ(r) = ln2 r − rn ln rn(1 + 2 ln(r/r̂n), r ≥ r̂n,

ìà¹ìî

rg′(r) = 2 ln r − 2rn ln rn = 0 ïðè r = r̃n = rrnn ,

g′(r) < 0 íà (r̂n, r̃n),

g′(r) > 0 íà (r̃n,+∞).

Îñêiëüêè g(r̂n) = ln2 r̂n−rn ln rn < 0, g(r2rnn ) = rn ln rn(2 ln r̂n−1) > 0, òî iñíó¹ òî÷êà
r∗n ∈ (r̃n, r̃

2
n) òàêà, ùî g(r

∗
n) = 0, g(r) < 0 íà (r̂n, r

∗
n), g

′(r∗n) > 0, òîáòî âèêîíóþòüñÿ
(11)-(13).

Äàëi

rϕ′(r) =


2 ln r, [r∗n−1, rn];

r ln rn, [rn, r̂n];

2ϕ(r̂n), [r̂n, r
∗
n];

rnϕ
′(rn − 0) = 2 ln rn ≤ rn ln rn = rnϕ

′(rn + 0);

r̂nϕ
′(r̂n − 0) = r̂n ln rn ≤ 2rn ln rn = r̂nϕ

′(r̂n + 0);

r∗nϕ
′(r∗n − 0) = 2ϕ(r̂n) ≤ 2 ln r∗n = r∗nϕ

′(r∗n + 0) (äèâ. (13)),

çâiäêè áà÷èìî, ùî ϕ îïóêëà ñòîñîâíî ëîãàðèôìà íà [1,+∞).
Äîâåäåìî, ùî

ln2 r ≤ ϕ(r) ≤ 2r ln2 r, r ∈ [1,+∞). (14)
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Äëÿ ôóíêöi¨ G(r) = 2r ln2 r−ϕ(r) ìà¹ìî G(rn) > 0, G′(r) = 2 ln2 r+4 ln r− ln rn >
0, íà [rn, r̂n], G

′(r) = 2 ln2 r+4 ln r−2ϕ(r̂n)/r ≥ G′(r̂n) > 0 íà [r̂n, r
∗
n], à îòæå, G(r) > 0,

òîáòî ϕ(r) < 2r ln2 r íà [rn, r
∗
n].

Ç âèãëÿäó ϕ òà (12) îòðèìó¹ìî (14), à îòæå, λ[ϕ] = 0, ρ[ϕ] ≤ 1. Îñêiëüêè

ρ[ϕ] ≥ lim
n→+∞

lnϕ(r̂n)

ln r̂n
= lim

n→+∞

ln(rn ln
2 rn)

ln(2rn − 1)
= 1,

lim
r→+∞

ϕ(r + 1)

ϕ(r)
≥ lim

n→+∞

ϕ(rn + 1)

ϕ(rn)
= lim

n→+∞

2 ln2 rn

ln2 rn
= 2,

òî ρ[ϕ] = 1 i òåîðåìó 2 äîâåäåíî.
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Denote the class of meromor�c functions of lower order λ and order ρ by M(λ, ρ) and
by M0

+(λ, λ+1) the set of f ∈ M(λ, λ+1) which satisfy the condition lim
r→+∞

T (r, f)/rλ > 0

and T (r, f) = o(rλ+1), r → +∞. R.Nevanlinna showed that

T (r + 1, f) ∼ T (r, f), (r → +∞) (i)

for f ∈ M(λ, ρ) under the condition ρ− λ < 1. À.À.Goldberg proved that such functions
f satisfy the following ratio

T (r + ln r, f) ∼ T (r, f), (r → +∞) (ii)

and (i) is ful�lled also for function from the set M0
+(λ, λ+ 1).

In the paper it is showed that for f ∈ M0
+(λ, λ + 1) the ratio (ii) may not be

executed.

Key words: meromor�c function, lower order, order, Nevanlinna characteristic.


