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Äåÿêi êðàéîâi çàäà÷i äëÿ ðiâíÿííÿ Ëàïëàñà â ïðîöåñi çàñòîñóâàííÿ ìåòîäó ãðà-

íè÷íèõ iíòåãðàëüíèõ ðiâíÿíü çâîäÿòüñÿ äî iíòåãðàëüíèõ òà iíòåãðîäèôåðåíöiàëüíèõ

ðiâíÿíü, ðîçâ'ÿçêè ÿêèõ íå¹äèíi. Ïiä ÷àñ ïîáóäîâè ÷èñåëüíèõ àëãîðèòìiâ äëÿ íàáëèæå-

íîãî ðîçâ'ÿçóâàííÿ îòðèìàíèõ ðiâíÿíü âèíèêàþòü ïåâíi òðóäíîùi ïîâ'ÿçàíi ç òèì, ùî â

ïðîöåñi äèñêðåòèçàöi¨ îòðèìó¹ìî ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü, ìàòðèöi ÿêèõ

ïîãàíî îáóìîâëåíi. Äëÿ ðîçâ'ÿçóâàííÿ çàäà÷ òàêîãî òèïó çðó÷íî âèêîðèñòîâóâàòè

ìîäèôiêîâàíi ãðàíè÷íi ðiâíÿííÿ, ðîçâ'ÿçêè ÿêèõ ¹äèíi. Öå äà¹ çìîãó îòðèìàòè

ãóñòèíè iíòåãðàëüíîãî ïîäàííÿ ðîçâ'ÿçêiâ âiäïîâiäíèõ êðàéîâèõ çàäà÷ ó âèãëÿäi çðó÷-

íîìó äëÿ íàáëèæåíîãî çíàõîäæåííÿ ñàìîãî ðîçâ'ÿçêó òà éîãî ïîõiäíèõ. Äîâåäåíî

êîðåêòíiñòü îòðèìàíèõ ìîäèôiêîâàíèõ ðiâíÿíü, çîêðåìà iñíóâàííÿ òà ¹äèíiñòü ðîç-

â'ÿçêiâ ó âiäïîâiäíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ ïiä ÷àñ âèêîíàííÿ ïåâíèõ äîäàòêîâèõ

óìîâ. Äëÿ öüîãî ðîçãëÿäà¹òüñÿ çàãàëüíèé âèïàäîê ëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü,

îïåðàòîðè ÿêèõ ìàþòü íåíóëüîâå ÿäðî. Äîñëiäæóþòüñÿ ðiçíi âèïàäêè çàäàííÿ òàêèõ

îïåðàòîðiâ. Çîêðåìà, ðîçãëÿäà¹òüñÿ âèïàäîê äâî¨ñòîãî òà ñàìîñïðÿæåíîãî îïåðàòîðiâ.

Îòðèìàíî íåîáõiäíi òà äîñòàòíi óìîâè êîðåêòíîñòi ìîäèôiêîâàíèõ îïåðàòîðíèõ ðiâ-

íÿíü. ßê ïðèêëàäè ðîçãëÿäàþòüñÿ çîâíiøíÿ çàäà÷à Äiðiõëå òà âíóòðiøíÿ çàäà÷à

Íåéìàíà äëÿ äâîâèìiðíîãî ðiâíÿííÿ Ëàïëàñà. Ïîäàííÿ ðîçâ'ÿçêó çîâíiøíüî¨ çàäà÷i

Äiðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà ó âèãëÿäi ïîòåíöiàëó ïîäâiéíîãî øàðó äà¹ çìîãó çâåñòè

¨¨ äî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó. Ç iíøîãî áîêó, âèêîðèñòîâó-

þ÷è ïîòåíöiàëè ïðîñòîãî àáî ïîäâiéíîãî øàðó äëÿ ðîçâ'ÿçóâàííÿ âíóòðiøíüî¨ çàäà÷i

Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà, îòðèìó¹ìî iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî

ðîäó àáî ñèíãóëÿðíå iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ, âiäïîâiäíî. Äëÿ âñiõ öèõ

âèïàäêiâ ïîáóäîâàíî ìîäèôiêîâàíi ðiâíÿííÿ, ÿêi ìàþòü ¹äèíi ðîçâ'ÿçêè.

Êëþ÷îâi ñëîâà: ëiíiéíi îïåðàòîðè ç íåíóëüîâèì ÿäðîì, ãðàíè÷íi iíòåãðàëüíi ðiâíÿííÿ

äðóãîãî ðîäó, ñèíãóëÿðíi iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ, äâîâèìiðíà çîâíiøíÿ çàäà-

÷à Äiðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà, äâîâèìiðíà âíóòðiøíÿ çàäà÷à Íåéìàíà äëÿ ðiâíÿííÿ

Ëàïëàñà.

1. Âñòóï

Äîáðå âiäîìî, ùî âèêîðèñòàííÿ ìåòîäó ãðàíè÷íèõ ðiâíÿíü, à ñàìå çâåäåííÿ
êðàéîâèõ çàäà÷ äî âiäïîâiäíèõ iíòåãðàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü
ïî ìåæi îáëàñòi, â ÿêié ìè øóêà¹ìî ðîçâ'ÿçîê äèôåðåíöiàëüíî¨ çàäà÷i, â äåÿêèõ
âèïàäêàõ ïðèçâîäèòü äî ïðîáëåìè ðîçâ'ÿçóâàííÿ ðiâíÿíü, ðîçâ'ÿçîê ÿêèõ ¹ íå¹äè-
íèì. Öå ñòâîðþ¹ äîäàòêîâi òðóäíîùi â ïðîöåñi ïîáóäîâè òà ðåàëiçàöi¨ àëãîðèòìiâ
ïîøóêó íàáëèæåíîãî ðîçâ'ÿçêó îòðèìàíèõ ãðàíè÷íèõ ðiâíÿíü. Ó ïðàöÿõ [1, 2] äëÿ
ðîçâ'ÿçóâàííÿ òàêîãî òèïó ðiâíÿíü çàïðîïîíîâàíî ïðîöåäóðó çâåäåííÿ ãðàíè÷íèõ
çàäà÷ äî ìîäèôiêîâàíèõ ðiâíÿíü, ðîçâ'ÿçîê ÿêèõ ¹ ¹äèíèì.

Ìè ðîçãëÿäà¹ìî çàãàëüíèé ïiäõiä äî ðîçâ'ÿçóâàííÿ ëiíiéíèõ ðiâíÿíü, ðîçâ'ÿçîê
ÿêèõ ¹ íå¹äèíèì i çàäîâîëüíÿ¹ ïåâíi óìîâè, ç äîïîìîãîþ âèêîðèñòàííÿ äåÿêîãî
ðîçøèðåííÿ çàäàíèõ îïåðàòîðiâ. Îòðèìàíi îïåðàòîðè ái¹êòèâíi, à âiäïîâiäíi ðiâ-
íÿííÿ ìàþòü ¹äèíèé ðîçâ'ÿçîê äëÿ äîâiëüíèõ ïðàâèõ ÷àñòèí ó âèçíà÷åíèõ ôóíêöiî-
íàëüíèõ ïðîñòîðàõ. Çàïðîïîíîâàíèé ïiäõiä äà¹ çìîãó îòðèìàòè êîíêðåòíi ðîçâ'ÿçêè
iíòåãðàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâ'ÿçêè ÿêèõ íå¹äèíi.
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2. Ôîðìóëþâàííÿ çàäà÷i òà îñíîâíèõ ñïiââiäíîøåíü

ÍåõàéX � äiéñíèé ðåôëåêñèâíèé ãiëüáåðòiâ ïðîñòið,X ′ � äâî¨ñòèé äîX. Ââàæà¹-
ìî, ùî X íåïåðåðâíî òà ùiëüíî âêëàäåíèé ó äiéñíèé ãiëüáåðòiâ ïðîñòið F , ïðè÷îìó
F = F ′. Âiäïîâiäíî ìà¹ìî íåïåðåðâíå òà ùiëüíå âêëàäåííÿ X ⊂ F ⊂ X ′. Ñêàëÿðíèé
äîáóòîê â ïðîñòîði X ïîçíà÷èìî (x, y)X , àíàëîãi÷íî â ïðîñòîðàõ F òà X ′, ⟨σ, x⟩ �
âiäíîøåííÿ äâî¨ñòîñòi, x ∈ X, σ ∈ X ′.

Ðîçãëÿíåìî ðiâíÿííÿ
Ax = f, f ∈ X,

äå A : X → X � ëiíiéíèé íåïåðåðâíèé îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ òàêi óìîâè.
1. Îáëàñòü âèçíà÷åííÿ D(A) = X, îáëàñòü çíà÷åíü imA ¹ çàìêíóòîþ â X.
2. dim kerA = 1, µ0 � íåíóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ Aµ0 = 0.
3. Äëÿ äâî¨ñòîãî îïåðàòîðà A′ : X ′ → X ′, ÿêèé âèçíà÷à¹òüñÿ ðiâíiñòþ ⟨y,Ax⟩ =

⟨A′y, x⟩ äëÿ äîâiëüíèõ x ∈ X, y ∈ X ′, ìàòèìåìî: dim kerA′ = 1, τ1 � íåíóëüîâèé
ðîçâ'ÿçîê ðiâíÿííÿ A′τ1 = 0.

Ïîçíà÷èìî W = {µ ∈ X : (µ, µ0)X = 0}, V = {µ ∈ X : (µ, µ0)F = 0}, U = {f ∈ X :
⟨τ1, f⟩ = 0}. Òîäi ç âèùå âèêëàäåíîãî âèïëèâà¹, ùî A : W → U � içîìîðôiçì.

Ëåìà 1. 1. Äîâiëüíèé åëåìåíò x ∈ X ìîæíà ¹äèíèì ÷èíîì çàäàòè ó âèãëÿäi

x = µ+ cµ0, äå c = (x,µ0)F
∥µ0∥2

F
, (µ, µ0)F = 0.

2. ßêùî ⟨τ1, µ0⟩ ̸= 0, òî äîâiëüíèé åëåìåíò g ∈ X ìîæíà ¹äèíèì ÷èíîì çàäàòè ó

âèãëÿäi g = f + cgµ0, äå ⟨τ1, f⟩ = 0, cg = ⟨τ1,g⟩
⟨τ1,µ0⟩ .

Äîâåäåííÿ. 1. ßêùî g ∈ X � äîâiëüíèé åëåìåíò, òî µ = x − cµo, äå c = (x,µ0)F
∥µ0∥2

F

çàäîâîëüíÿ¹ óìîâó (µ, µ0)F = 0. Íåõàé x = µ′ + c′µ0, äå (µ′, µ0)F = 0. Òîäi (c −
c′)∥µ0∥2F = 0. Îòæå, c = c′ i µ = µ′.

2. Íåõàé g ∈ X. ßêùî cg = ⟨τ1,g⟩
⟨τ1,µ0⟩ , òî g = f + cgµ0, äå ⟨τ1, f⟩ = 0. Ïðèïóñòèìî,

ùî iñíó¹ iíøèé ðîçêëàä g = f ′ + c′gµ0, äå ⟨τ1, f ′⟩ = 0. Òîäi c′g = cg i f
′ = f . �

Çàçíà÷èìî, ùî óìîâà ⟨τ1, µ0⟩ ̸= 0 âèêîíó¹òüñÿ, ÿêùî îïåðàòîð A çàäîâîëüíÿ¹
óìîâó (Ax, x)F ̸= 0 äëÿ äîâiëüíèõ x ∈ V . Ñïðàâäi, ÿêùî ⟨τ1, µ0⟩ = 0, òî ðiâíÿííÿ
Ax = µ0 ìà¹ ¹äèíèé ðîçâ'ÿçîê x, ÿêèé çàäîâîëüíÿ¹ óìîâó (x, µ0)F = 0. Âiäïîâiäíî,
(Ax, x)F = (x, µ0)F = 0, ùî ñóïåðå÷èòü óìîâi (Ax, x)F ̸= 0 äëÿ äîâiëüíèõ x ∈ V .

Ëåìà 2. Îïåðàòîð A : V → U � içîìîðôiçì.

Äîâåäåííÿ. Íåõàé ïîñëiäîâíiñòü {µn} ⊂ V çáiãà¹òüñÿ äî äåÿêîãî åëåìåíòà µ ∈ X.
Òîäi ïðè n → ∞ îòðèìà¹ìî

|(µ, µ0)F | ≤ |(µ−µn, µ0)F |+ |(µn, µ0)F | ≤ ∥µ−µn∥F · ∥µ0∥F ≤ ∥µ−µn∥X · ∥µ0∥F → 0.

Îòîæ, V ¹ ïiäïðîñòîðîì X.
Äëÿ äîâiëüíîãî f ∈ U iñíó¹ ¹äèíèé åëåìåíò µ1 ∈ W òàêèé, ùî Aµ1 = f . Íåõàé

µ = µ1 − (µ1,µ0)F
∥µ0∥2

F
µ0. Òîäi Aµ = f òà (µ, µ0)F = 0. Îòæå, iñíó¹ ¹äèíèé åëåìåíò µ ∈ V

òàêèé, ùî Aµ = f äëÿ äîâiëüíèõ f ∈ U . �
Ðîçãëÿíåìî îïåðàòîð A1 : X → X:

A1x = Ax+ µ0(x, µ0)F .

Òåîðåìà 3. Îïåðàòîð A1 : X → X � içîìîðôiçì, òîáòî ðiâíÿíÿíÿ A1x = g ìà¹

¹äèíèé ðîçâ'ÿçîê x ∈ X äëÿ äîâiëüíèõ g ∈ X, òà âèêîíó¹òüñÿ íåðiâíiñòü

∥x∥X ≤ c∥g∥X ,
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äå c > 0 � äåÿêà êîíñòàíòà.

Äîâåäåííÿ. Íåõàé g ∈ X. Òîäi g = f + cgµ0. Îñêiëüêè f ∈ U , òî ðiâíÿííÿ Aµ = f
ìà¹ ¹äèíèé ðîçâ'ÿçîê µ ∈ V . Ðîçãëÿíåìî åëåìåíò x = µ+

cg
∥µ0∥2

F
µ0. Îòðèìà¹ìî

A1x = Aµ+ µ0(µ+
cg

∥µ0∥2F
µ0, µ0)F = Aµ+ µ0

cg
∥µ0∥2F

∥µ0∥2F = f + cgµ0 = g.

ßêùî A1x = 0, äå x = µ1 + c1µ0, µ1 ∈ V òà µ1 ̸= 0, òî Aµ1 + c1∥µ0∥2Fµ0 = 0. Çâiäñè
âèïëèâà¹ ⟨τ1, µ0⟩ = 0, ùî íåìîæëèâî. Îòæå, x = 0.

Îòîæ, ðiâíÿííÿ A1x = g ìà¹ ¹äèíèé ðîçâ'ÿçîê x ∈ X äëÿ äîâiëüíîãî g ∈ X,
òîáòî îïåðàòîð A1 : X → X � ái¹êòèâíèé. Íåïåðåðâíiñòü îïåðàòîðà A1 î÷åâèäíà. �

Òåîðåìà 4. Íåõàé f ∈ U , à x ¹ ðîçâ'ÿçêîì ðiâíÿííÿ A1x = g, äå g = f + cgµ0,

cg = ⟨τ1,g⟩
⟨τ1,µ0⟩ . Òîäi µ = x− cg

∥µ0∥2
F
µ0 � ðîçâ'ÿçîê ðiâíÿííÿ Aµ = f .

Äîâåäåííÿ. Íåõàé µ = x − cg
∥µ0∥2

F
µ0. Îñêiëüêè ⟨τ1, A1x⟩ = ⟨τ1, Aµ + µ0(x, µ0)F ⟩ =

⟨τ1, µ0⟩(x, µ0)F = ⟨τ1, g⟩, òî cg = (x, µ0)F . Îòîæ (µ, µ0)F = (x, µ0)F − cg = 0. Îòæå,

Aµ = Ax = A1x− µ0(µ+
cg

∥µ0∥2F
µ0, µ0)F = f + cgµ0 − cgµ0 = f.

�

3. Âèïàäîê äâî¨ñòîãî îïåðàòîðà

Ðîçãëÿíåìî ðiâíÿííÿ
A′τ = f,

äå îïåðàòîð A′ : X ′ → X ′ çàäîâîëüíÿ¹ óìîâè ï. 2. Âiäïîâiäíî dim kerA′ = 1 i
A′τ1 = 0.

Ïîçíà÷èìî Y = {τ ∈ X ′ : (τ, τ1)X′ = 0}, Z = {f ∈ X ′ : ⟨f, µ0⟩ = 0}.
Ç âëàñòèâîñòåé îïåðàòîðiâ A òà A′ âèïëèâà¹, ùî A′ : Y → Z � içîìîðôiçì.
Ëåìà 5. Îïåðàòîð A′ : Z → Z ¹ içîìîðôiçìîì.

Äîâåäåííÿ. Äëÿ äîâiëüíîãî σ ∈ X ′ iñíó¹ ¹äèíèé ðîçêëàä σ = µ+ cµτ1, äå µ ∈ Y ,
cµ = (σ,τ1)X′

∥τ1∥2
X′

. Ç iíøîãî áîêó, äëÿ äîâiëüíîãî f ∈ Z iñíó¹ ¹äèíèé åëåìåíò µ ∈ Y òàêèé,

ùî A′µ = f . Ðîçãëÿíåìî åëåìåíò τ = µ− τ1
⟨µ,µ0⟩
⟨τ1,µ0⟩ . Òîäi A

′τ = A′µ = f òà ⟨τ, µ0⟩ = 0.

Îòæå, îïåðàòîð A′ : Z → Z � ái¹êòèâíèé. Êðiì òîãî, iñíó¹ ¹äèíèé ðîçêëàä σ =

τ + cτ τ1, äå ⟨τ, µ0⟩ = 0 i cτ = ⟨σ,µ0⟩
⟨τ1,µ0⟩ . Îñêiëüêè D(A′) = X ′, òî ⟨A′σ, µ0⟩ = 0 äëÿ

äîâiëüíèõ σ ∈ X ′. �
Îïåðàòîð A′

1 äâî¨ñòèé äî A1 ìà¹ òàêèé âèãëÿä:

A′
1σ = A′σ + µ0⟨σ, µ0⟩,

i ÿê íàñëiäîê òåîðåìè 3 îòðèìà¹ìî, ùî îïåðàòîð A′
1 : X ′ → X ′ � içîìîðôiçì, òîáòî

ðiâíÿííÿ A1σ = g ìà¹ ¹äèíèé ðîçâ'ÿçîê σ ∈ X ′ äëÿ äîâiëüíîãî g ∈ X ′.
Òåîðåìà 6. Íåõàé f ∈ Z, à σ ∈ X ′ � ðîçâ'ÿçîê ðiâíÿííÿ A′

1σ = g, äå g = f+cgµ0,

cg = ⟨g,µ0⟩
∥µ0∥2

F
. Òîäi τ = σ − cg

⟨τ1,µ0⟩τ1, τ ∈ Z ¹ ðîçâ'ÿçêîì ðiâíÿííÿ A′τ = f .

Äîâåäåííÿ. Íåõàé τ = σ − cg
⟨τ1,µ0⟩τ1.

Îñêiëüêè ⟨A′
1σ, µ0⟩ = ⟨A1σ, µ0⟩ + ∥µ0∥2F ⟨σ, µ0⟩ = ⟨g, µ0⟩, òî cg = ⟨σ, µ0⟩. Îòîæ,

⟨τ, µ0⟩ = ⟨σ, µ0⟩ − cg = 0. Îòæå,

A′τ = A′σ = A′
1σ − µ0⟨σ, µ0⟩ = f + cgµ0 − cgµ0 = f.

�
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4. Âèïàäîê ñàìîñïðÿæåíîãî îïåðàòîðà

Íåõàé H : X → X ′ � ëiíiéíèé íåïåðåðâíèé îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ òàêi
óìîâè.

1. Îáëàñòü âèçíà÷åííÿ D(H) = X, îáëàñòü çíà÷åíü imH ¹ çàìêíóòîþ â X ′.
2. dim kerH = 1, µ0 � íåíóëüîâèé ðîçâ'ÿçîê ðiâíÿííÿ Hµ0 = 0.
3. Îïåðàòîð H ñàìîñïðÿæåíèé: H ′ : X → X ′ i âèêîíó¹òüñÿ ðiâíiñòü ⟨Hx, y⟩ =

⟨Hy, x⟩ äëÿ äîâiëüíèõ x, y ∈ X.
4. Îïåðàòîð H äîäàòíî âèçíà÷åíèé, òîáòî iñíó¹ êîíñòàíòà α > 0, ùî äëÿ âñiõ

x ∈ V âèêîíó¹òüñÿ íåðiâíiñòü ⟨Hx, x⟩ ≥ α∥x∥2X .
Ëåìà 7. Îïåðàòîð H : V → Z � içîìîðôiçì.

Äîâåäåííÿ àíàëîãi÷íå äî äîâåäåííÿ ëåìè 2.
Ðîçãëÿíåìî îïåðàòîð H1 : X → X ′:

H1σ = Hσ + µ0(σ, µ0)F .

Òåîðåìà 8. Îïåðàòîð H1 : X → X ′ äîäàòíî âèçíà÷åíèé, òîáòî iñíó¹ êîíñòàíòà

γ > 0, ùî äëÿ âñiõ σ ∈ X âèêîíó¹òüñÿ íåðiâíiñòü: ⟨H1σ, σ⟩ ≥ γ∥σ∥2X .
Äîâåäåííÿ. Ôóíêöiþ σ ìîæíà ¹äèíèì ÷èíîì ïîäàòè ó âèãëÿäi σ = µ + cσµ0, äå

µ ∈ V i cσ = (σ,µ0)F
∥µ0∥2

F
. Òîäi

⟨H1σ, σ⟩ = ⟨Hσ + µ0(σ, µ0)F , σ⟩ = ⟨Hµ+ µ0(µ+ cσµ0, µ0)F , µ+ cσµ0⟩ =

= ⟨Hµ, µ⟩+ ⟨cσµ0∥µ0∥2F , µ+ cσµ0⟩⟨Hµ, µ⟩+ c2σ∥µ0∥4F ≥ α∥µ∥2X + c2σ∥µ0∥4F .

Îñêiëüêè ∥σ∥2X ≤ 2(∥µ∥2X + c2σ∥µ0∥2X), òî, âèáðàâøè γ = min{α
2 ,

∥µ0∥4
F

2∥µ0∥2
X
}, îòðèìà¹ìî

⟨H1σ, σ⟩ ≥ γ∥σ∥2X . �
Íàñëiäîê 9. Îïåðàòîð H1 : X → X ′ � içîìîðôiçì.

Äëÿ ðîç'ÿçóâàííÿ ðiâíÿííÿ Hµ = f ç óìîâîþ µ ∈ V âèêîðèñòà¹ìî ðîçâ'ÿçîê
ðiâíÿííÿ H1σ = g.

Òåîðåìà 10. Íåõàé f ∈ Z, à σ ∈ X ¹ ðîçâ'ÿçêîì ðiâíÿííÿ H1σ = g, äå g =

f + cgµ0, cg = ⟨g,µ0⟩
∥µ0∥2

F
. Òîäi ôóíêöiÿ µ = σ − cg

∥µ0∥2
F
µ0, µ ∈ V , ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

Hµ = f .
Äîâåäåííÿ. ßêùî µ = σ − cg

∥µ0∥2
F
µ0, äå σ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ H1σ = g, òî

Hµ = Hσ = H1σ − µ0(µ+
cg

∥µ0∥2F
µ0, µ0) = f + cgµ0 − cgµ0 = 0.

�

5. Ðîçâ'ÿçóâàííÿ äåÿêèõ êðàéîâèõ çàäà÷

1. Ðîçãëÿíåìî çîâíiøíþ çàäà÷ó Äiðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà (çàäà÷à D−):
çíàéòè ôóíêöiþ u ∈ H1

loc
(Ω−), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ −∆u = 0 â îáëàñòi Ω−,

ãðàíè÷íó óìîâó

γ−
0 u = f ∈ H1/2(Σ),
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òà óìîâó íà íåñêií÷åííîñòi

lim
|x|→∞

u(x) = 0,
∂u

∂xi
= O(

1

|x|2
), |x| → ∞, i = 1, 2.

Òóò Ω− = R2 \Ω+, äå Ω+ ⊂ R2 îáìåæåíà çâ'ÿçíà Ëiïøèöåâà îáëàñòü ç ìåæåþ Σ,
Ω+ = Ω+ ∪ Σ. Êðiì òîãî, ââàæà¹ìî, ùî diamΩ+ ̸= 1. Ìàéæå âñþäè íà Σ âèçíà÷åíi
çîâíiøíÿ íîðìàëü n⃗x òà äîòè÷íà s⃗x, íàïðÿì ÿêî¨ âèáðàíèé òàêèì ÷èíîì, ùî îáëàñòü
Ω+ ðîçòàøîâàíà ç ïðàâî¨ ñòîðîíè âiä s⃗x.

Âiäïîâiäíi ïðîñòîðè âèçíà÷åíi íàñòóïíèì ÷èíîì:

∥u∥2H1(Ω−) =

∫
Ω−

{
|∇u|2 + u2

}
dx,

H1
loc

(Ω−) = {u(x), x ∈ Ω− : φu ∈ H1(Ω−), φ ∈ C∞
0 (R2)}.

Ðîçãëÿíåìî ïîòåíöiàëè ïðîñòîãî òà ïîäâiéíîãî øàðó

V τ(x) =

∫
Σ

Q(x, y)τ(y)dsy, Wµ(x) =

∫
Σ

∂Q(x, y)

∂ny
µ(y)dsy, x ∈ Ω+ ∪ Ω−,

äå

Q(x, y) =
1

2π
ln

1

|x− y|
, x ̸= y.

Ââåäåìî îïåðàòîðè ãðàíè÷íèõ çíà÷åíü ïîòåíöiàëó ïîäâiéíîãî øàðó C− = γ−
0 W òà

ãðàíè÷íîãî çíà÷åííÿ íîðìàëüíî¨ ïîõiäíî¨ ïîòåíöiàëó ïðîñòîãî øàðó B+ = γ+
1 V , äëÿ

ÿêèõ ïðàâèëüíi ôîðìóëè ñòðèáêà [3]

B+τ =
1

2
τ +Nτ, C−µ =

1

2
µ+Mµ,

äå

Nτ =
1

2
(γ+

1 V τ + γ−
1 V τ), Mµ =

1

2
(γ+

0 Wµ+ γ−
0 Wµ),

Òóò γ±
0 òà γ±

1 îïåðàòîðè ñëiäó, ùî âiäïîâiäàþòü ãðàíè÷íèì çíà÷åííÿì ñàìî¨ ôóíêöi¨
òà ¨¨ íîðìàëüíî¨ ïîõiäíî¨, âiäïîâiäíî, â îáëàñòÿõ Ω+ òà Ω− [3�5].

Äëÿ µ ∈ H1/2(Σ) òà τ ∈ L2(Σ) ìà¹ìî

Mµ(x) =

∫
Σ

∂Q(x, y)

∂ny
µ(y)dsy, Nτ(x) =

∫
Σ

∂Q(x, y)

∂nx
τ(y)dsy, x ∈ Σ.

Ó öüîìó âèïàäêó X = H1/2(Σ), F = L2(Σ), X
′ = H−1/2(Σ), µ0(x) = 1, x ∈ Σ, à

τ1 ¹ ðîçâ'ÿçêîì òàêîãî iíòåãðàëüíîãî ðiâíÿííÿ:∫
Σ

Q(x, y)τ1(y)dsy = 1, x ∈ Σ. (1)

Âiäïîâiäíî ïðîñòîðè U òà V ìàòèìóòü òàêèé âèãëÿä: U = {f ∈ H1/2(Σ) : ⟨τ1, f⟩ = 0},
V = {µ ∈ H1/2(Σ) : (µ, µ0)L2(Σ) = 0}, à ⟨τ1, f⟩ =

∫
Σ
τ1(y)f(y)dsy.

Ëåìà 11. Îïåðàòîð B+ : H−1/2(Σ) → H−1/2(Σ) ¹ äâî¨ñòèì äî îïåðàòîðà C− :
H1/2(Σ) → H1/2(Σ), òîáòî ⟨τ, C−µ⟩ = ⟨B+τ, µ⟩ äëÿ äîâiëüíèõ τ ∈ H−1/2(Σ) òà

µ ∈ H1/2(Σ).
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Äîâåäåííÿ. Íåõàé τ ∈ H−1/2(Σ) òà µ ∈ H1/2(Σ). Ðîçãëÿíåìî ôóíêöi¨ u = V τ i
v = Wµ. Òîäi τ = γ+

1 u− γ−
1 u òà µ = −γ+

0 v + γ−
0 v. Ó ïiäñóìêó îòðèìà¹ìî

⟨τ, C−µ⟩ − ⟨B+τ, µ⟩ = ⟨γ+
1 u− γ−

1 u, γ−
0 v⟩ − ⟨γ+

1 u,−γ+
0 v + γ−

0 v⟩ =

= ⟨γ+
1 u, γ+

0 v⟩ − ⟨γ−
1 u, γ−

0 v⟩ = ⟨γ+
1 u, γ+

0 v⟩ − ⟨γ−
1 v, γ−

0 u⟩ =

= ⟨γ+
1 u, γ+

0 v⟩ − ⟨γ+
1 u, γ+

0 v⟩ = 0.

�
Ëåìà 12. Âèêîíó¹òüñÿ òàêà óìîâà: ⟨τ1, µ0⟩ =

∫
Σ
τ1(y)dsy ̸= 0.

Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöi¨ u1 = V τ òà v1(x) ≡ 1, x ∈ R2. Òîäi ôóíêöiÿ
v = u1− v1 ¹ ðîçâ'ÿçêîì çàäà÷i D− ç îäíîðiäíîþ ãðàíè÷íîþ óìîâîþ γ−

0 v = 0. ßêùî∫
Σ
τ1(y)dsy = 0, òî v(x) → 0 ïðè x → ∞. Ç òåîðåìè ¹äèíîñòi âèïëèâà¹, ùî v = 0 â R2.

Îñêiëüêè τ1 = γ+
1 v − γ−

1 v, òî τ1 = 0, ùî íåìîæëèâî, áî τ1 ¹ ðîçâ'ÿçêîì ðiâíÿíÿ (1).
�

Ïðàâèëüíå íàñòóïíå òâåðäæåííÿ [1].
Ëåìà 13. Îïåðàòîð C− : V → U � içîìîðôiçì.

Øóêàþ÷è ðîçâ'ÿçîê çàäà÷i D− ó âèãëÿäi ïîòåíöiàëó ïîäâiéíîãî øàðó

u(x) =

∫
Σ

∂Q(x, y)

∂ny
µ(y)dsy, x ∈ Ω−, (2)

ìè îòðèìà¹ìî iíòåãðàëüíå ðiâíÿííÿ äðóãîãî ðîäó

C−µ(x) ≡ 1

2
µ(x) +

∫
Σ

∂Q(x, y)

∂ny
µ(y)dsy = f(x), x ∈ Σ.

Îïåðàòîð C−
1 : H1/2(Σ) → H1/2(Σ) ìà¹ òàêèé âèãëÿä:

C−
1 σ(x) =

1

2
σ(x) +

∫
Σ

∂Q(x, y)

∂ny
σ(y)dsy + (σ, µ0)L2(Σ), x ∈ Σ

àáî

C−
1 σ(x) =

1

2
σ(x) +

∫
Σ

(
∂Q(x, y)

∂ny
+ 1

)
σ(y)dsy, x ∈ Σ.

ßê íàñëiäîê òåîðåìè 4 îòðèìà¹ìî òâåðäæåííÿ.
Òåîðåìà 14. Îïåðàòîð C−

1 : H1/2(Σ) → H1/2(Σ) � içîìîðôiçì, òîáòî ðiâíÿííÿ

C−
1 σ = g ìà¹ ¹äèíèé ðîçâ'ÿçîê σ ∈ H1/2(Σ) äëÿ äîâiëüíèõ g ∈ H1/2(Σ), òà

âèêîíó¹òüñÿ íåðiâíiñòü

∥σ∥H1/2(Σ) ≤ c∥f∥H1/2(Σ),

äå c > 0 � äåÿêà êîíñòàíòà.

ßêùî σ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ C−
1 σ = f + cgµ0, äå f ∈ U , cg = |Σ| � äîâæèíà

êðèâî¨ Σ, òî µ = σ − µ0, µ ∈ V , ¹ ðîçâ'ÿçêîì ðiâíÿííÿ C−µ = f .
2. Ðîçãëÿíåìî âíóòðiøíþ çàäà÷ó Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà (çàäà÷à N+):

çíàéòè ôóíêöiþ u ∈ H1(Ω+), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ −∆u = 0 â îáëàñòi Ω+ òà
ãðàíè÷íó óìîâó

γ+
1 u = f ∈ H−1/2(Σ).

ßê âiäîìî [1, 2], çàäà÷à N+ ìà¹ ¹äèíèé ðîçâ'ÿçîê ç òî÷íiñòþ äî äîâiëüíî¨
êîíñòàíòè, ÿêùî f ∈ Z, Z = {f ∈ H−1/2(Σ) : ⟨f, µ0⟩ = 0}.
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Øóêàþ÷è ðîçâ'ÿçîê çàäà÷i N+ ó âèãëÿäi ïîòåíöiàëó ïðîñòîãî øàðó,

u(x) =

∫
Σ

Q(x, y)τ(y)dsy, x ∈ Ω+,

îòðèìà¹ìî ãðàíè÷íå ðiâíÿííÿ

B+τ ≡ 1

2
τ +Nτ = f,

àáî ó âèïàäêó, êîëè τ, f ∈ L2(Σ), iíòåãðàëüíå ðiâíÿííÿ

B+τ(x) ≡ 1

2
τ(x) +

∫
Σ

∂Q(x, y)

∂nx
τ(y)dsy = f(x), x ∈ Σ.

Ðîçãëÿíåìî îïåðàòîð B+
1 : H−1/2(Σ) → H−1/2(Σ)

B+
1 σ =

1

2
σ +Nσ + µ0⟨σ, µ0⟩.

ßêùî σ ∈ L2(Σ), òî

B+
1 σ(x) =

1

2
σ(x) +

∫
Σ

(
∂Q(x, y)

∂nx
+ 1)σ(y)dsy, x ∈ Σ.

Çàñòîñóâàâøè òåîðåìó 6, îòðèìà¹ìî òàêå òâåðäæåííÿ.
Òåîðåìà 15. Îïåðàòîð B+

1 : H−1/2(Σ) → H−1/2(Σ) � içîìîðôiçì, òîáòî ðiâíÿííÿ
B+

1 σ = g ìà¹ ¹äèíèé ðîçâ'ÿçîê σ ∈ H−1/2(Σ) äëÿ äîâiëüíèõ g ∈ H−1/2(Σ), òà

âèêîíó¹òüñÿ íåðiâíiñòü

∥σ∥H−1/2(Σ) ≤ c∥f∥H−1/2(Σ),

äå c > 0 � äåÿêà êîíñòàíòà.

ßêùî σ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ B+
1 σ = f + cgµ0, äå f ∈ Z, cg =

∫
Σ
τ1(y)dsy, òî

τ = σ − τ1 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ B+τ = f .
Øóêàþ÷è ðîçâ'ÿçîê çàäà÷i N+ ó âèãëÿäi ïîòåíöiàëó ïîäâiéíîãî øàðó (2), x ∈ Ω+,

îòðèìà¹ìî ãðàíè÷íå ðiâíÿííÿ
Hµ = f,

äå H = γ+
1 W , H : H1/2(Σ) → H−1/2(Σ), àáî ó âèïàäêó, êîëè f ∈ L2(Σ), ñèíãóëÿðíå

iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

Hµ(x) ≡ −
∫
Σ

∂Q(x, y)

∂sx

∂µ(y)

∂sy
dsy = f(x), x ∈ Σ.

Â ìîíîãðàôi¨ [5] ïîêàçàíî ñïðàâåäëèâiñòü íàñòóïíîãî òâåðäæåííÿ.
Òåîðåìà 16. Îïåðàòîð H : V → H−1/2(Σ) � äîäàòíî âèçíà÷åíèé, òîáòî

iñíó¹ êîíñòàíòà c > 0 òàêà, ùî äëÿ âñiõ µ ∈ H1/2(Σ), ÿêi çàäîâîëüíÿþòü

óìîâó (µ, µ0)L2(Σ) = 0, âèêîíó¹òüñÿ íåðiâíiñòü

⟨Hµ, µ⟩ ≥ c∥µ∥2H1/2(Σ).

Îïåðàòîð H1 : H1/2(Σ) → H−1/2(Σ) íàáóâà¹ âèãëÿäó

H1σ = Hσ + µ0(σ, µ0)L2(Σ),
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äå (σ, µ0)L2(Σ) =
∫
Σ
σ(y)dsy. Ó âèïàäêó, êîëè σ ∈ H1(Σ)

H1σ(x) = −
∫
Σ

∂Q(x, y)

∂sx

∂σ(y)

∂sy
dsy +

∫
Σ

σ(y)dsy.

ßê íàñëiäîê òåîðåì 8 òà 10 îòðèìà¹ìî íàñòóïíi òâåðäæåííÿ.
Òåîðåìà 17. Îïåðàòîð H1 : H1/2(Σ) → H−1/2(Σ) � äîäàòíî âèçíà÷åíèé, òîáòî

iñíó¹ êîíñòàíòà γ > 0, ùî äëÿ âñiõ σ ∈ H1/2(Σ) âèêîíó¹òüñÿ íåðiâíiñòü

⟨H1σ, σ⟩ ≥ γ∥σ∥2H1/2(Σ).

Òåîðåìà 18. Îïåðàòîð H1 : H1/2(Σ) → H−1/2(Σ) � içîìîðôiçì, òîáòî ðiâíÿííÿ

H1σ = g ìà¹ ¹äèíèé ðîçâ'ÿçîê σ ∈ H1/2(Σ) äëÿ äîâiëüíèõ g ∈ H−1/2(Σ), òà

âèêîíó¹òüñÿ íåðiâíiñòü

∥σ∥H1/2(Σ) ≤ c∥f∥H−1/2(Σ),

äå c > 0 � äåÿêà êîíñòàíòà.

ßêùî σ � ðîçâ'ÿçîê ðiâíÿííÿ H1σ = f + cgµ0, äå f ∈ Z, cg = |Σ|, òî µ = σ − µ0 ¹

ðîçâ'ÿçêîì ðiâíÿííÿ Hµ = f .
Îñêiëüêè γ+

1 W = γ−
1 W , òî, âèêîðèñòîâóþ÷è iíòåãðàëüíå ïîäàííÿ (2), äå µ ¹

ðîçâ'ÿçêîì ðiâíÿííÿ Hµ = f , îòðèìà¹ìî ðîçâ'ÿçîê çàäà÷i Íåéìàíà äëÿ ðiâíÿííÿ
Ëàïëàñà ó âíóòðiøíié îáëàñòi Ω+ òà çîâíiøíié îáëàñòi Ω−.

6. Âèñíîâêè

Äîâåäåíî êîðåêòíiñòü ìîäèôiêîâàíèõ ëiíiéíèõ ðiâíÿíü, ÿêi îòðèìàëè çà äîïîìî-
ãîþ çàäàíèõ îïåðàòîðiâ ç ïåâíèìè âëàñòèâîñòÿìè, ÿäðî ÿêèõ ¹ íåíóëüîâèì, òîáòî
âiäïîâiäíi îäíîðiäíi ðiâíÿííÿ ìàþòü íåíóëüîâi ðîçâ'ÿçêè. Äëÿ îòðèìàííÿ ðîçâ'ÿçêiâ
âèõiäíèõ ëiíiéíèõ ðiâíÿíü äîñòàòíüî ðîçâ'ÿçàòè ìîäèôiêîâàíi ðiâíÿííÿ áåç âèêîðèñ-
òàííÿ äîäàòêîâèõ óìîâ, ïðè÷îìó øóêàíi ðîçâ'ÿçêè áóäóòü ìàòè íàïåðåä âèçíà÷åíi
âëàñòèâîñòi. Öå äà¹ çìîãó áóäóâàòè åôåêòèâíi ÷èñåëüíi àëãîðèòìè äëÿ íàáëèæåíîãî
ðîçâ'ÿçóâàííÿ ãðàíè÷íèõ çàäà÷, ÿêi çâîäÿòüñÿ äî iíòåãðàëüíèõ àáî iíòåãðî-äèôåðåí-
öiàëüíèõ ðiâíÿíü, ðîçâ'ÿçîê ÿêèõ íå¹äèíèé.

Çàçíà÷èìî, ùî àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê ãðàíè÷íèõ çàäà÷ ó áàãàòîçâ'ÿç-
íèõ îáëàñòÿõ. Â öüîìó âèïàäêó dim kerA = k > 1.
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Some boundary value problems for Laplace equation are reduced to integral and

integro-di�erential equations, whose solutions are not unique. During the construction

of numerical algorithms for approximate solution of the obtained equations there are some

di�culties due to the fact that in the process of discretization we obtain systems of linear

algebraic equations whose matrices are poorly conditioned. To solve such problems it is

convenient to use modi�ed boundary equations, the solutions of which are unique. This

gives us possibility to obtain densities of the integral representations of solutions of the

corresponding boundary value problems in the form convenient as for approximate �nding

of the solution so for its derivatives In this paper we prove the correctness of the obtained

modi�ed equations, in particular existence and uniqueness of solutions in the corresponding

functional spaces with certain additional conditions. To do this, we consider the general

case of linear operator equations whose operators have a nonzero kernel. Various cases of

such operators are investigated. In particular, the case of dual and self-adjoint operators

is considered. We obtained necessary and su�cient conditions of correctness for received

modi�ed operator equations. As examples we consider exterior Dirichlet and interior Neu-

mann boundary value problems for the two-dimensional Laplace equation. Representation

of the solution of the exterior Dirichlet problem for the Laplace equation in the form of a

double layer potential gives us possibility to reduce it to the integral Fredholm equation

of the second kind. On the other hand, using the potentials of a single or double layer to

solve the interior Neumann problem for the Laplace equation, we obtain Fredholm inte-

gral equation of the second kind or singular integro-di�erential equations respectively. For

all these cases modi�ed equations are constructed and solutions of obtained equations are

unique.

Key words: linear operators with a nonzero kernel, boundary integral equations of the sec-

ond kind, singular integro-di�erential equations, two-dimensional Dirichlet exterior bound-

ary value problem for Laplace equation, two-dimensional interior Neumann boundary value

problem for Laplace equation.


