
Argyros I., Shakhno S., YarmolaH.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2020. Âèï. 28 3

ÏÐÈÊËÀÄÍÀ ÌÀÒÅÌÀÒÈÊÀ

UDC 519.6

ON METHODS WITH SUCCESSIVE APPROXIMATION
OF THE INVERSE OPERATOR FOR NONLINEAR

EQUATIONS WITH DECOMPOSITION OF THE OPERATOR

I.K.Argyros1, S. Shakhno2, H.Yarmola3

1Department of Mathematics, Cameron University, Lawton,

OK 73505, USA, e-mail: iargyros@cameron.edu
2,3Ivan Franko National University of Lviv,

Lviv, Universytetska str. 1, 79000, Ukraine,

e-mail: 2stepan.shakhno@lnu.edu.ua, 3halyna.yarmola@lnu.edu.ua

We study the problem of �nding an approximate solution of a nonlinear equation with
a decomposition of the operator. In particular, we consider a class of problems with a
di�erentiable and nondi�erentiable part in the nonlinear operator. Typically, di�erence or
di�erential-di�erence methods are used for the numerical solving of these equations. We
develop new one-step and two-step di�erential-di�erence methods, which contain the sum
of the derivative of the di�erentiable part and the divided di�erence of the nondi�eren-
tiable part of the nonlinear operator. The one-step method is constructed on the basis of
the Newton method and the Ste�ensen type method, and the two-step method is devel-
oped on the basis of the method with derivatives and the di�erence method, which have
the third order of convergence. The proposed iterative processes do not require �nding
the inverse operator. Instead of inverting the operator, its approximations are used. For
each method, a type of successive approximation of the inverse operator, which provides
the convergence order as in the basis methods, is chosen. The study of local convergence
of the methods under the Lipschitz condition for the divided di�erences of the �rst order
and the restriction of the second derivative is carried out. Error estimates are obtained,
which indicate the second and third convergence orders for one-step and two-step methods,
respectively. It is shown that it is possible to obtain tighter error estimates and a wider
convergence domain by introducing additional but weaker conditions. A practical study
of the methods is conducted. These methods are applied for solving a large scale nonlin-
ear system and a system with a nondi�erentiable operator. A comparison with the basic
methods by the number of iterations is done. The values of absolute errors are also given
at each iteration. The results of numerical experiments are consistent with the theoretical
results and con�rm the e�ectiveness of the proposed methods.

Key words: nonlinear equation, di�erential-di�erence method, equation with a decomposi-
tion of operator, approximation of inverse operator, local convergence, convergence order,
Lipschitz conditions.

1. Introduction
To �nd the approximate solution x∗ of the nonlinear equation

F (x) = 0, (1)

where the operator F is de�ned on the convex set D of a Banach space X with values in
a Banach space Y , Newton's method is often used [1, 4, 8] for x0 ∈ D

xk+1 = xk − F ′(xk)
−1F (xk), k = 0, 1, . . . , (2)
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where F ′(x) is a Fr�echet derivative. If the derivative does not exist or it is di�cult to
calculate, one can use methods that do not use derivatives [1,4]. For example, Ste�ensen
type method is described by the formula

xk+1 = xk − F (xk, uk)
−1F (xk), k = 0, 1, . . . , (3)

where F (x, y) is a �rst-order divided di�erence, uk = xk − βkF (xk), and βk is a real
parameter.

The main goal of building new methods for solving (1) is to reduce the number
of calculations or simplify them, increase the order of convergence and expand their
applicability. Such iterative processes include methods of third-order convergence

yk = xk − F ′(xk)
−1F (xk),

xk+1 = yk − F ′(xk)
−1F (yk), k = 0, 1, . . .

(4)

and
yk = xk − F (xk, uk)

−1F (xk),
xk+1 = yk − F (xk, uk)

−1F (yk), k = 0, 1, . . . .
(5)

They are two-step modi�cations of methods (2) and (3). The number of calculations
increases insigni�cantly compared to one-step methods, since the inverse operator in (4)
and (5) is calculated once on two steps. The two-step modi�cation (4) was investigated
in [6].

It is necessary to �nd one or more inverse operators at each iteration of most methods
for numerical solution (1). This is not always easy to achieve. Therefore, methods can be
used to approximate the inverse operator. Iterative formulas of these methods consist of
several branches. Some branches intend to construct approximations to the solution of
the nonlinear equation, and others to construct approximations of the inverse operator.
There are two approaches to the inverse operator approximation: successive and par-
allel. In methods with successive approximation, calculations in separate branches are
performed alternately. In methods with a parallel approximation of the inverse operator,
the calculations in the separate branches of the method are performed in parallel.

Methods with approximation of the inverse operator have been studied by many
authors [2, 3, 5, 10, 11, 13, 16�21]. Ulm [17] constructed methods with successive approxi-
mation based on Newton's method

yk = xk −AkF (xk),
Ak+1 = Ak(2E − F ′(xk+1)Ak), k = 0, 1, . . .

(6)

and based on Ste�ensen's method

yk = xk −AkF (xk),
Ak+1 = Ak(2E − F (xk+1,Φ(xk+1))Ak), k = 0, 1, . . .

(7)

and established a quadratic order of their convergence. Here F (x) ≡ x−Φ(x) for method
(7). The third-order methods with successive approximation of the inverse operator are
investigated in the works [3, 20]. Their iterative formulas have the form

yk = xk −AkF (xk),
xk+1 = yk −AkF (yk),
Bk = Ak(2E − F ′(xk+1)Ak),
Ak+1 = Bk(2E − F ′(xk+1)Bk), k = 0, 1, . . .

(8)
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and
yk = xk −AkF (xk),
xk+1 = yk −AkF (yk),
Bk = Ak(2E − F (xk+1, uk+1)Ak),
Ak+1 = Bk(2E − F (xk+1, uk+1)Bk), k = 0, 1, . . .

(9)

where E is the identity operator, uk+1 = xk+1 − βk+1F (xk+1), and βk+1 is a real para-
meter.

The paper is organized as follows: in Section 2, we develop combined methods for
solving nonlinear equations with decomposition of operator; in Section 3 and 4, we give
local convergence theorems for the proposed methods; in Section 5, we present numerical
experiments.

2. Methods for solving nonlinear equations with
decomposition of operator

Consider a nonlinear equation with decomposition operator

H(x) ≡ F (x) +G(x) = 0. (10)

Here F and G are de�ned on a convex set D of a Banach space X with values in a
Banach space Y , and F is a continuously di�erentiable operator, G is a continuous
operator. Many iterative processes [1, 7, 12,14,15] have been proposed and investigated
for solving (10). Among them, the best are the combined di�erential-di�erence methods,
which use the sum of the derivative of the di�erentiable part and the divided di�erence
of the nondi�erentiable part of the nonlinear operator.

In this paper, to solve (10) we propose the following combined methods with successive
approximation of the inverse operator

xk+1 = xk −AkH(xk),
Ak+1 = Ak(2E − [F ′(xk+1) +G(xk+1, uk+1)]Ak), k = 0, 1, . . .

(11)

and
yk = xk −AkH(xk),
xk+1 = yk −AkH(yk),
Bk = Ak(2E − [F ′(xk+1) +G(xk+1, uk+1)]Ak),
Ak+1 = Bk(2E − [F ′(xk+1) +G(xk+1, uk+1)]Bk), k = 0, 1, . . . ,

(12)

where uk+1 = xk+1 − βk+1H(xk+1), and βk+1 is a real parameter.
In this paper, we investigate the local convergence and the convergence order of the

proposed iterative processes (11) and (12). It is assumed that G is di�erentiable at the
point x∗ and we use the notation H ′(x∗) = F ′(x∗) +G(x∗, x∗).

3. Local convergence and convergence order of the
method (11)

Theorem 1. Let F and G be nonlinear operators de�ned on a convex set D of a
Banach space X with values in a Banach space Y , F be a continuously di�erentiable
operator, and G be a continuous operator. Assume that:

1) equation (10) has a solution x∗ ∈ D, operator A∗ = [H ′(x∗)]
−1 exists and

∥A∗∥ ≤ B; (13)
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2) in set U = {x ∈ D : ∥x− x∗∥ ≤ R0}, the following conditions are satis�ed

∥F ′(x) +G(x, y)∥ ≤ C, (14)

∥F ′′(x)∥ ≤ L, ∥G(x, y)−G(v, z)∥ ≤ M(∥x− v∥+ ∥y − z∥), (15)

where R0 = max{r0, a1(βC + 1)r20}, r0 = max{∥x0 − x∗∥, ∥A0 − A∗∥}, |βk| ≤ β,

a1 = C + (
3

2
L+M)(B + r0);

3) initial approximations x0, A0 are such that

qr0 < 1, (16)

where q = max{a1, a2}, a2 = C + (L + M(βC + 2))(B + r0)
2a1. Then, sequences

{xk}, {Ak}, k ≥ 0, generated by method (11), converge to x∗, A∗, respectively, and the
following estimate is satis�ed

rk = max{∥Ak −A∗∥, ∥xk − x∗∥} ≤ (qr0)
2k−1r0, k ≥ 0. (17)

Proof. The proof is performed by mathematical induction. It follows from

∥x0 − x∗∥ ≤ r0 = (qr0)
20−1r0,

that x0 ∈ U , and (17) is true for k = 0. Suppose that xk ∈ U and the estimate (17) is
true k ≥ 0. It follows that rk ≤ r0, since qr0 < 1 by (16). Taking into account (13) and
the de�nition of r0, we get

∥Ak∥ ≤ ∥A∗∥+ ∥Ak −A∗∥ ≤ B + rk ≤ B + r0. (18)

We obtain from the �rst equality of (11) and Taylor's formula

x∗ − xk+1 = x∗ − xk +Ak(H(xk)−H(x∗)) = x∗ − xk +AkF
′(xk)(xk − x∗)−

−Ak

∫ 1

0

F ′′(xk + t(x∗ − xk))(x∗ − xk)
2(1− t)dt+

+AkG(xk, x∗)(xk − x∗) =

= −Ak

∫ 1

0

F ′′(xk + t(x∗ − xk))(x∗ − xk)
2(1− t)dt+

+(E −Ak[F
′(xk) +G(xk, x∗)])(x∗ − xk). (19)

By the conditions (14), (15), the estimate (18) and since

E −Ak[F
′(xk) +G(xk, x∗)] = Ak(F

′(x∗)− F ′(xk)) +Ak(G(x∗, x∗)−G(xk, x∗)) +

+(A∗ −Ak)H
′(x∗),

we have that

∥E −Ak[F
′(xk) +G(xk, x∗)]∥ ≤ ∥Ak∥(∥F ′(x∗)− F ′(xk)∥+

+∥G(x∗, x∗)−G(xk, x∗)∥) +
+∥H ′(x∗)∥∥A∗ −Ak∥ ≤

≤ C∥A∗ −Ak∥+ (B + r0)(L+M)∥x∗ − xk∥ ≤
≤ rk(C + (L+M)(B + r0)) = ark, (20)
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where a = C + (L+M)(B + r0).
It follows from (19) and (20) that

∥x∗ − xk∥ ≤ ∥Ak∥∥
∫ 1

0

F ′′(xk + t(x∗ − xk))(x∗ − xk)
2(1− t)dt∥+

+∥E −Ak[F
′(xk) +G(xk, x∗)]∥∥x∗ − xk∥ ≤

≤ (B + r0)
L

2
∥x∗ − xk∥2 + (C + (L+M)(B + r0))rk∥x∗ − xk∥ ≤

≤ (B + r0)
L

2
r2k + (C + (L+M)(B + r0))r

2
k =

= (C + (
3

2
L+M)(B + r0))r

2
k = a1r

2
k. (21)

Thus, ∥x∗ − xk+1∥ ≤ a1r
2
0 ≤ R0 and xk+1 ∈ U .

We obtain from the second equality ( 11)

A∗ −Ak+1 = (A∗ −Ak)H
′(x∗)(A∗ −Ak)−Ak(H

′(x∗)− F ′(xk+1)−G(xk+1, uk+1))Ak.

From this relationship, based on the conditions (14), (15), (21) and

∥x∗ − uk+1∥ ≤ ∥x∗ − xk+1∥+ ∥xk+1 − uk+1∥ =

= ∥x∗ − xk+1∥+ ∥xk+1 − xk+1 + βk+1H(xk+1)∥ =

= ∥x∗ − xk+1∥+ ∥βk+1H(xk+1)∥,

∥βk+1H(xk+1)∥ ≤ β∥[
∫ 1

0

F ′(x∗ + θ(xk+1 − x∗))dθ +G(xk+1, x∗)](xk+1 − x∗)∥ ≤

≤ βC∥x∗ − xk+1∥,
∥x∗ − uk+1∥ ≤ (βC + 1)∥x∗ − xk+1∥, (22)

we get in turn

∥A∗ −Ak+1∥ ≤ ∥Ak∥2[∥F ′(x∗)− F ′(xk+1)∥+ ∥G(x∗, x∗)−G(xk+1, uk+1)∥] +
+∥H ′(x∗)∥∥A∗ −Ak∥2 ≤

≤ Cr2k + ∥Ak∥2[(L+M)∥xk+1 − x∗∥+M∥x∗ − uk+1∥] ≤
≤ (C + (L+M(βC + 2))(B + r0)

2a1)r
2
k = a2r

2
k. (23)

By induction assumptions, estimates (21) and (23), we obtain

rk+1 = max{∥xk+1 − x∗∥, ∥Ak+1 −A∗∥} = max{a1, a2}r2k =

= qr2k = q((qr0)
2k−1r0)

2 = (qr0)
2k+1−1r0.

That is, (17) is ful�lled for k + 1.
The convergence of sequences {xk} and {Ak} follows from the estimate (17)

for k → ∞. �
Remark 1. It turns out that the results of Theorem 1 can be extended, and under

weaker conditions. Indeed, let us consider instead of the second assumption in (15) the
weaker ones

∥G(x∗, x∗)−G(x, x∗)∥ ≤ M0∥x− x∗∥,



Argyros I., Shakhno S., YarmolaH.

8 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2020. Âèï. 28

∥G(x∗, x∗)−G(x, y)∥ ≤ M1(∥x− x∗∥+ ∥y − x∗∥)

as well as
∥F ′(x∗)− F ′(x)∥ ≤ L0∥x− x∗∥

(implied by the �rst assumption in (15)).
Then, we have

M0 ≤ M1 ≤ M

and
L0 ≤ L.

Examples where the preceding two inequalities are strict can be found in [1�3].
If the proof of Theorem 1 is followed carefully we see that M0, M1 can replace M in

the de�nition of a, a1, a2, q as

ā = C + (L0 +M0)(B + r0),

ā1 = C + (
3

2
L0 +M0)(B + r0),

ā2 = C + (L0 +M1(βC + 2))(B + r0)
2ā1,

q̄ = max{ā1, ā2}.

Notice also that

ā ≤ a,

ā1 ≤ a1,

ā2 ≤ a2,

q̄ ≤ q,

r̄k ≤ rk

and qr0 < 1 implies q̄r̄0 < 1 but not necessarily vice versa.
Hence, the bar parameters can be used to provide a wider convergence domain (i.e.

more initial points become available) and tighter error bounds (i.e. fewer iterates are
needed to obtain a desired error tolerance).

4. Local convergence and convergence order of the
method (12)

Theorem 2. Let F and G be nonlinear operators de�ned on a convex set D of a
Banach space X with values in a Banach space Y , F be a continuously di�erentiable
operator, and G be a continuous operator. Assume that:

1) equation (10) has a solution x∗ ∈ D, operator A∗ = [H ′(x∗)]
−1 exists and

∥A∗∥ ≤ B; (24)

2) in set U = {x ∈ D : ∥x− x∗∥ ≤ R0}, the following conditions are satis�ed

∥F ′(x) +G(x, y)∥ ≤ C, (25)

∥F ′′(x)∥ ≤ L, ∥G(x, y)−G(v, z)∥ ≤ M(∥x− v∥+ ∥y − z∥), (26)

where R0 = max{r0, a1r20, a2(βC + 1)r30}, r0 = max{∥x0 − x∗∥, ∥A0 −A∗∥}, |βk| ≤ β,
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a1 = C + (
3

2
L+M)(B + r0);

a2 = (C + (
3

2
L+M)Ba1r0 + (

3

2
L+M)a1r

2
0)a1;

3) initial approximations x0, A0 are such that

qr0 < 1, (27)

where q = (max{a2, a3})
1
2 , a3 = Cγ2r0 + (L + M(βC + 2))(B + γr20)

2a2,
γ = C + (L + M(βC + 2))(B + r0)

2a2r0. Then, sequences {xk}, {Ak}, k ≥ 0, gen-
erated by method (12), converge to x∗, A∗, respectively, and the following estimate is
satis�ed

rk = max{∥Ak −A∗∥, ∥xk − x∗∥} ≤ (qr0)
3k−1r0, k ≥ 0. (28)

Proof. The proof is carried out in the similar way as for Theorem 1 but with some
di�erences. It follows from

∥x0 − x∗∥ ≤ r0 = (qr0)
30−1r0,

that x0 ∈ U , and (28) ñs true for k = 0. Suppose that xk ∈ U and the estimate (28) is
true k ≥ 0. Hence, we have that rk ≤ r0, since qr0 < 1 by (27).

We obtain from the �rst equality of (12) and Taylor's formula

x∗ − yk = x∗ − xk +Ak(H(xk)−H(x∗)) =

= −Ak

∫ 1

0

F ′′(xk + t(x∗ − xk))(x∗ − xk)
2(1− t)dt+

+(E −Ak[F
′(xk) +G(xk, x∗)])(x∗ − xk). (29)

It follows from (29), the conditions (25), (26) and the estimates (18) and (20) that

∥x∗ − yk∥ ≤ (B + r0)
L

2
∥x∗ − xk∥2 + (C + (L+M)(B + r0))rk∥x∗ − xk∥ ≤

≤ (B + r0)
L

2
r2k + (C + (L+M)(B + r0))r

2
k =

= (C + (
3

2
L+M)(B + r0))r

2
k = a1r

2
k. (30)

Thus, we get ∥x∗ − yk∥ ≤ a1r
2
0 ≤ R0 and yk ∈ U .

We obtain from the second equality of (12) and Taylor's formula

xk+1 − x∗ = yk − x∗ −Ak(H(yk)−H(x∗)) =

= Ak

∫ 1

0

F ′′(yk + t(x∗ − yk))(x∗ − yk)
2(1− t)dt+

+(E −Ak[F
′(yk) +G(yk, x∗)])(yk − x∗). (31)

Hence, we have, given

E −Ak[F
′(yk) +G(yk, x∗)] = Ak(F

′(x∗)− F ′(yk)) +

+Ak(G(x∗, x∗)−G(yk, x∗)) + (A∗ −Ak)H
′(x∗),
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the conditions (24)�(26) and the estimate (30),

∥xk+1 − x∗∥ ≤ (B + ∥A∗ −Ak∥)
L

2
∥x∗ − yk∥2 +

+
(
C∥A∗ −Ak∥+ (B + ∥A∗ −Ak∥)(L+M)∥x∗ − yk∥

)
∥x∗ − yk∥ ≤

≤ C∥A∗ −Ak∥∥x∗ − yk∥+
3

2
BL∥x∗ − yk∥2 +

+
3

2
L∥x∗ − yk∥2∥A∗ −Ak∥+

+BM∥x∗ − yk∥2 +M∥x∗ − yk∥2∥A∗ −Ak∥ ≤

≤ ∥x∗ − yk∥(Crk + (
3

2
L+M)B∥x∗ − yk∥+ (

3

2
L+M)rk∥x∗ − yk∥) ≤

≤ (C + (
3

2
L+M)Ba1r0 + (

3

2
L+M)a1r

2
0)a1r

3
k = a2r

3
k. (32)

Thus, we derive xk+1 ∈ U , since ∥xk+1 − x∗∥ ≤ a2r
3
0 ≤ R0.

On the other hand, based on the third formula of (12)

A∗ −Bk = (A∗ −Ak)H
′(x∗)(A∗ −Ak)−Ak(H

′(x∗)− F ′(xk+1)−G(xk+1, uk+1))Ak.

Hence, we have, given (18), (22), (25), (26) and (32),

∥A∗ −Bk∥ ≤ ∥Ak∥2[∥F ′(x∗)− F ′(xk+1)∥+ ∥G(x∗, x∗)−G(xk+1, uk+1)∥] +
+∥H ′(x∗)∥∥A∗ −Ak∥2 ≤

≤ Cr2k + ∥Ak∥2[(L+M)∥xk+1 − x∗∥+M∥x∗ − uk+1∥] ≤
≤ (C + (L+M(βC + 2))(B + r0)

2a2r0)r
2
k = γr2k. (33)

Given (24) and the estimate (33), we have

∥Bk∥ ≤ ∥A∗∥+ ∥A∗ −Bk∥ ≤ B + γr2k.

In accordance with the fourth equality of (12)

A∗ −Ak+1 = −Bk(H
′(x∗)−F ′(xk+1)−G(xk+1, uk+1))Bk +(A∗ −Bk)H

′(x∗)(A∗ −Bk).

We get in turn from this relationship, based on the conditions (25), (26) and estimates
(32), (33),

∥A∗ −Ak+1∥ ≤ ∥Bk∥2[∥F ′(x∗)− F ′(xk+1)∥+ ∥G(x∗, x∗)−G(xk+1, uk+1)∥] +
+∥H ′(x∗)∥∥A∗ −Bk∥2 ≤

≤ Cγ2r4k + ∥Bk∥2[(L+M)∥xk+1 − x∗∥+M∥x∗ − uk+1∥] ≤ (34)

≤ (Cγ2r0 + (L+M(βC + 2))(B + γr20)
2a2)r

3
k = a3r

3
k.

Given induction assumptions, based on the estimates (32) and (34), we obtain

rk+1 = max{∥xk+1 − x∗∥, ∥Ak+1 −A∗∥} = max{a2, a3}r3k =

= q2r3k = q2((qr0)
3k−1r0)

3 = (qr0)
3k+1−1r0.

That is, (28) is ful�lled for k + 1. It follows from the estimate (28) for k → ∞ the
convergence of sequences {xk} and {Ak}. �

Comments similar to the ones for method (11) can follow but holding for method
(12).
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5. Numerical experiments
We present here the results obtained by di�erential-di�erence methods (11) and (12).

First of all, we compare these iterative processes with Newton's method. For this, let us
consider a system of nonlinear equations from [9], where

F (x) =

 3x3
1 + 2x2 − 5,

3x3
i + 4xi + 2xi+1 − 8, 1 < i < n,

4xn − 3,

G(x) =

 sin (x1 − x2) sin (x1 + x2) ,
sin (xi − xi+1) sin (xi + xi+1)− xi−1 exp (xi−1 − xi) , 1 < i < n,
−xn−1 exp (xn−1 − xn) .

Since H is di�erentiable, Newton's method can be applied. The iterative processes were
stopped when the conditions are veri�ed

∥xk+1 − xk∥ ≤ 10−10 and ∥H(xk+1)∥ ≤ 10−10.

We will compare the methods by the number of iterations required to obtain an approx-
imate solution and the error values. The initial approximations were calculated by the
formulas x0 = 2s, s ∈ IR, A0 = [F ′(x0) +G(x0, x0 − β0H(x0))]

−1.
Tables 1 and 2 show the results for n = 20 and βk = 0.0001.

Table 1

The number of iterations

s 0.45 1 2 5 10
Newton's method 5 7 8 11 12

Ste�ensen's method 5 7 8 11 12
Method (11) 5 8 11 15 18
Method (12) 4 5 7 9 10

Table 2

The value of error ∥xk − x∗∥ at each iteration for s = 0.53

k Newton's Ste�ensen's (11) (12)
1 2.8317e-03 2.8285e-03 2.8316e-03 2.5960e-04
2 6.7350e-06 6.7129e-06 2.9429e-05 4.0289e-11
3 3.8629e-11 3.8261e-11 5.5721e-09 0
4 0 1.1102e-16 1.1546e-14
5 3.3307e-15

Next, consider the problem with a nondi�erentiable operator. Let

F (x) =

{
x3
1 − x2 + 1,

x1 + x2
2 − 7,

G(x) =

{
|x2

1−1|
9 ,

|x1x2−2|
9 .
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Initial approximations were calculated by formulas x0 = (1, 2.5)T s, s ∈ IR,
A0 = [F ′(x0) +G(x0, x0 − β0H(x0))]

−1. Table 3 gives the results for βk = 0.01.

Table 3

The number of iterations

s 1 2 5 10 20
Ste�ensen's method 5 7 8 8 10

Method (11) 6 8 12 15 18
Method (12) 4 5 7 9 10

We see that the two-step methods converge faster than the corresponding one-step
iterative processes and Newton's method. In addition, the errors ∥xk − x∗∥ decrease
faster, which is consistent with the theoretical results. The methods with a successive
approximation of the inverse operator are somewhat inferior to the basic methods, but
their advantage is the simplicity of calculations in iterative formulas.

6. Conclusions
In this paper, we propose two methods with successive approximation of the inverse

operator for solving nonlinear operator equations. The local convergence of methods is
investigated, the convergence orders are determined and numerical results are given.
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9. LukšanL. Inexact Trust Region Method for Large Sparse Systems of Nonlinear Equations
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Ðîçãëÿíóòî çàäà÷ó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó íåëiíiéíîãî ðiâíÿííÿ ç
äåêîìïîçèöi¹þ îïåðàòîðà. Çîêðåìà, ðîçãëÿäà¹ìî çàäà÷i, äëÿ ÿêèõ â íåëiíiéíîìó
îïåðàòîði ìîæíà âèäiëèòè äèôåðåíöiéîâíó òà íåäèôåðåíöiéîâíó ÷àñòèíè. Çàçâè÷àé
äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ öèõ ðiâíÿíü çàñòîñîâóþòü ðiçíèöåâi àáî äèôåðåíöiàëü-
íî-ðiçíèöåâi ìåòîäè. Ïîáóäîâàíî íîâi îäíîêðîêîâèé i äâîêðîêîâèé äèôåðåíöiàëüíî-
ðiçíèöåâi ìåòîäè, ÿêi ìiñòÿòü ñóìó ïîõiäíî¨ âiä äèôåðåíöiéîâíî¨ ÷àñòèíè òà ïîäiëåíî¨
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ðiçíèöi âiä íåäèôåðåíöiéîâíî¨ ÷àñòèíè íåëiíiéíîãî îïåðàòîðà. Îäíîêðîêîâèé ìåòîä
ðîçðîáëåíî íà ïiäñòàâi ìåòîäó Íüþòîíà òà ìåòîäó òèïó Ñòåôôåíñåíà, à äâîêðîêî-
âèé � íà ïiäñòàâi ìåòîäó ç ïîõiäíèìè òà ðiçíèöåâîãî ìåòîäó, ÿêi ìàþòü òðåòié ïîðÿ-
äîê çáiæíîñòi. Òàêîæ çàïðîïîíîâàíi iòåðàöiéíi ïðîöåñè íå ïîòðåáóþòü çíàõîäæåííÿ
îáåðíåíîãî îïåðàòîðà. Çàìiñòü îáåðòàííÿ îïåðàòîðà âèêîðèñòîâó¹òüñÿ éîãî àïðîê-
ñèìàöiÿ. Äëÿ êîæíîãî ìåòîäó îáðàíî òàêèé òèï ïîñëiäîâíî¨ àïðîêñèìàöi¨ îáåðíå-
íîãî îïåðàòîðà, ÿêèé çàáåçïå÷ó¹ ïîðÿäîê çáiæíîñòi ÿê ó áàçîâèõ ìåòîäiâ. Ïðîâåäå-
íî äîñëiäæåííÿ ëîêàëüíî¨ çáiæíîñòi ìåòîäiâ çà óìîâè Ëiïøèöÿ äëÿ ïîäiëåíèõ ðiç-
íèöü ïåðøîãî ïîðÿäêó é îáìåæåíîñòi äðóãî¨ ïîõiäíî¨. Îòðèìàíî îöiíêè ïîõèáîê, ÿêi
âêàçóþòü íà äðóãèé i òðåòié ïîðÿäêè çáiæíîñòi äëÿ îäíîêðîêîâîãî òà äâîêðîêîâî-
ãî ìåòîäiâ, âiäïîâiäíî. Äîâåäåíî, ùî ìîæíà îòðèìàòè òî÷íiøi îöiíêè ïîõèáîê òà
áiëüøó îáëàñòü çáiæíîñòi, ââiâøè äîäàòêîâi, àëå ñëàáøi óìîâè. Ïðîâåäåíî ïðàêòè÷-
íå äîñëiäæåííÿ ìåòîäiâ. �õ çàñòîñîâàíî äî ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ ñèñòåìè âåëè-
êî¨ ðîçìiðíîñòi òà ñèñòåìè ç íåäèôåðåíöiéîâíèì îïåðàòîðîì. Âèêîíàíî ïîðiâíÿííÿ
ç áàçîâèìè ìåòîäàìè çà êiëüêiñòþ iòåðàöié. Òàêîæ íàâåäåíî çíà÷åííÿ àáñîëþòíèõ
ïîõèáîê íà êîæíié iòåðàöi¨. Ðåçóëüòàòè ÷èñåëüíèõ åêñïåðèìåíòiâ óçãîäæóþòüñÿ ç
òåîðåòè÷íèìè ðåçóëüòàòàìè òà ïiäòâåðäæóþòü åôåêòèâíiñòü çàïðîïîíîâàíèõ ìåòîäiâ.
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äåêîìïîçèöi¹þ îïåðàòîðà, àïðîêñèìàöiÿ îáåpíåíîãî îïåðàòîðà, ëîêàëüíà çáiæíiñòü,
ïîðÿäîê çáiæíîñòi, óìîâè Ëiïøèöÿ.


