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A scheme of the �nite element method for solving a boundary value problem on a �nite
interval for an ordinary di�erential equation of the second order is proposed. The di�eren-
tial equation contains a nonnegative piecewise constant coe�cient of the unknown function.
For the boundary value problem, the corresponding continuous and �nite-dimensional vari-
ational problems are constructed. Since the bilinear form of these problems is continuous
and positive de�nite, the variational problems are uniquely solvable. Basic functions of
a �nite-dimensional subspace of a �nite-dimensional variational problem are constructed
using solutions of the Dirichlet problem for the corresponding homogeneous di�erential
equation on a �nite element. If all the points of discontinuity of the coe�cient of a di�er-
ential equation are contained among the mesh nodes, such solutions are easy to construct,
because the di�erential equation will have constant coe�cients on a �nite element. Trial
and test functions of the �nite element method are selected from one �nite-dimensional
subspace. The matrix of the �nite element approximation of the boundary value problem
is tridiagonal symmetric and positive de�nite. The scheme is exact in the sense that the
�nite element and exact solutions coincide at the mesh nodes. The result can be regarded
as an illustration of the phenomenon of superconvergence of the �nite element method,
which consists in the fact that in a given area there can be points for which the di�erence
between the exact and �nite element solutions (or their derivatives) converges to zero faster
than some norm of the di�erence of these solutions. As an example, it is shown that the
proposed scheme of the �nite element method allows one to construct an analytical solu-
tion to a boundary value problem on a �nite interval for an ordinary di�erential equation
with constant coe�cients if the solution of the Dirichlet problem for the corresponding
homogeneous di�erential equation is known.
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1. Introduction

The research on superconvergence for �nite element methods has been conducted
extensively by many researchers over the last four decades. This phenomenon was �rst
addressed in [17], and the term �superconvergence� was �rst used in [11]. Since then,
superconvergence has become to be an active research topic in �nite element methods for
partial di�erential equations; see [1,2,6�10,12�14,19�21] and the references cited therein
for an incomplete list of publications.

The phenomenon of superconvergence is that in the considerated region there can be
points xi for which the di�erence u(xi) − uh(xi) of exact u(x) and �nite element uh(x)
solutions (or ∇u(xi)−∇uh(xi)) tends to zero faster than norm of this di�erence.

At the same time, of great interest are cases where at some points the equality of the
approximate and exact solutions is observed. For example, the �nite element solution
of the Dirichlet problem for the equation −u′′ = f constructed using continuous linear
splines coincides at the grid nodes with the values of the exact solution. If we use cubic
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basic splines, then this phenomenon is no longer observed. On the contrary, it is possible
to change not the space of �nite elements, but the equation. For example, for the one-
dimensional Helmholtz equation, the indicated values can di�er quite signi�cantly [5].
The so-called generalized FEM (or GFEM) was proposed in [3, 4, 15], the idea of which
is to take into account the structure of a particular equation when constructing a �nite-
dimensional space. Regarding superconvergence for this method, some fairly general
results were obtained in [2], where a theoretical study of the inhomogeneous Neumann
problem for the Poisson equation in the two-dimensional domain is given, and the results
are illustrated by numerical experiments on the one-dimensional problem. In [18] for one
class of the generalized �nite element method it is proved that the approximate solution
of the boundary value problem for an ordinary di�erential equation is coincided with the
exact solution at the grid nodes. In the proposed �nite element scheme the spaces of test
and veri�cation functions are di�erent.

We proposed to choose test and veri�cation functions from one �nite-dimensional
space. For a boundary value problem with piecewise constant coe�cients, the existence
of a �nite element solution and its coincidence at the grid nodes with an exact solution
is proved.

2. Finite-element approximation of a boundary value

problem

Let's consider the Dirichlet problem,

Lu ≡ −u′′ + q(x)u = f, x ∈ (0, 1),
u(0) = u(1) = 0,

(1)

where f ∈ L2(0; 1), q(x) ≥ 0 is a piecewise constant function. The weak form for the
problem (1) seeks u ∈ H1

0 (0; 1) such that

a(u, v) ≡
1∫

0

[u′v′ + q(x)uv]dx =

1∫
0

fvdx ∀v ∈ H1
0 (0; 1). (2)

On the interval (0; 1) we de�ne a grid ωh with nodes

0 = x0 < x1 < · · · < xn−1 < xn = 1.

We assume that among the grid nodes there are all discontinuity points of the function
q(x). On the interval (xi−1;xi) (i = 1, n) we consider boundary value problems

Lφ
(1)
i (x) = 0, φ

(1)
i (xi−1) = 1, φ

(1)
i (xi) = 0, (3)

Lφ
(2)
i (x) = 0, φ

(2)
i (xi−1) = 0, φ

(2)
i (xi) = 1. (4)

Since the function q(x) is a constant on the interval (xi−1;xi), it is easy to �nd solutions
of problems (3), (4):

φ
(1)
i (x) =

sh(ki(xi − x))

sh(kihi)
, φ

(2)
i (x) =

sh(ki(x− xi−1))

sh(kihi)
,

where q(x) ≡ k2i on (xi−1, xi), hi = xi − xi−1 and sh(x) = (ex − e−x)/2 is hyperbolic
sinus.
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With the node xi we associate a continuous function

φi(x) =


φ
(2)
i (x), x ∈ (xi−1;xi),

φ
(1)
i+1(x), x ∈ (xi;xi+1),

0, x ∈ (0; 1) \ (xi−1;xi+1).

We de�ne a �nite-dimensional subspace Vh ⊂ H1
0 (0; 1) with basis {φi(x)}n−1

i=1 . With vari-
ational problem (2) we associate a �nite-dimensional variational problem which searches
for a function uh ∈ Vh such that

a(uh, vh) =

1∫
0

fvhdx ∀vh ∈ Vh. (5)

Since the bilinear form a(·, ·) is continuous on H1
0 (0; 1) and H1

0 (0; 1)-elliptical, it follows
from the Lax�Milgram lemma (see, for example, [16, p. 536]) that problems (2) and (5)
are uniquely solvable.

The solution of problem (5) will be sought in the form

uh(x) =

n−1∑
i=1

αiφi(x),

where αi = uh(xi). Then problem (5) is a system of linear algebraic equations (SLAE)
with unknowns αi:

n−1∑
i=1

αia(φi, φj) =

1∫
0

fφj(x)dx, j = 1, n− 1. (6)

Performing integration by parts and taking into account (3) and (4), we obtain

n−1∑
i=1

αia(φi, φj) =

= αj−1a(φj−1, φj) + αja(φj , φj) + αj+1a(φj+1, φj) =

= αj−1

xj∫
xj−1

φ
(1)′

j (x)φ
(2)′

j (x) + q(x)φ
(1)
j (x)φ

(2)
j (x)dx+

+αj

{
xj∫

xj−1

φ
(2)′

j (x)φ
(2)′

j (x) + q(x)φ
(2)
j (x)φ

(2)
j (x)dx+

+
xj+1∫
xj

φ
(1)′

j+1(x)φ
(1)′

j+1(x) + q(x)φ
(1)
j+1(x)φ

(1)
j+1(x)dx

}
+

+αj+1

xj+1∫
xj

φ
(2)′

j+1(x)φ
(1)′

j+1(x) + q(x)φ
(2)
j+1(x)φ

(1)
j+1(x)dx =

= αj−1φ
(1)
j (x)φ

(2)′

j (x)
∣∣∣xj

xj−1

+

+αj

{
φ
(2)
j (x)φ

(2)′

j (x)
∣∣∣xj

xj−1

+ φ
(1)
j+1(x)φ

(1)′

j+1(x)
∣∣∣xj+1

xj

}
+

+αj+1 φ
(2)
j+1(x)φ

(1)′

j+1(x)
∣∣∣xj+1

xj
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Thus, SLAE (6) takes the form:

−kj

sh(kjhj)
αj−1 +

{
kjch(kjhj)
sh(kjhj)

+
kj+1ch(kj+1hj+1)

sh(kj+1hj+1)

}
αj+

+
−kj+1

sh(kj+1hj+1)
αj+1 = fj , j = 1, n− 1,

(7)

where α0 = αn = 0, fj =
xj+1∫
xj−1

fφj(x)dx.

Theorem 1. The �nite element solution uh(x) coincides with the solution u(x) of
problem (2) at the nodes of the grid ωh.

Proof. Note that uh(x0) = u(x0) = 0, uh(xn) = u(xn) = 0 by the construction of the
�nite element scheme. It follows from (2) and (5) that

a(u− uh, φj) = 0, j = 1, n− 1. (8)

Integrating by parts, we obtain

a(u− uh, φj) =
xj∫

xj−1

(u(x)− uh(x))
′φ

(2)′

j (x) + q(x)(u(x)− uh(x))
′φ

(2)′

j (x)dx+

+
xj+1∫
xj

(u(x)− uh(x))φ
(1)′

j+1(x) + q(x)(u(x)− uh(x))
′φ

(1)′

j+1(x)dx =

= (u(x)− uh(x))φ
(2)′

j (x)
∣∣∣xj

xj−1

+ (u(x)− uh(x))φ
(1)′

j+1(x)
∣∣∣xj+1

xj

=

= −(u(xj−1)− uh(xj−1))φ
(2)′

j (xj−1)+

+(u(xj)− uh(xj))(φ
(2)′

j (xj)− φ
(1)′

j+1(xj))+

+(u(xj+1)− uh(xj+1))φ
(1)′

j+1(xj+1) =

=
−kj

sh(kjhj)
(u(xj−1)− uh(xj−1))+

+
{

kjch(kjhj)
sh(kjhj)

+
kj+1ch(kj+1hj+1)

sh(kj+1hj+1)

}
(u(xj)− uh(xj))+

+
−kj+1

sh(kj+1hj+1)
(u(xj+1)− uh(xj+1)).

Therefore, system (8) is homogeneous SLAE with the matrix of system (6). Thus, system
(8) has the unique trivial solution u(xj)− uh(xj) = 0 (j = 1, n− 1). �

3. Example

Let's consider the boundary value problem,

−u′′(x) + k2u(x) = f(x), x ∈ (0; 1),

u(0) = u(1) = 0,
(9)

where f(x) ∈ L2(0; 1). If f(x) ≡ 1, then the solution of the boundary value problem is
the function

u(x) =
(e−k − 1)ekx + (1− ek)e−kx + ek − e−k

k2(ek − e−k)
. (10)

We solve problem (9) by the �nite element method using the grid ωh = {0, x, 1}, where
x is an arbitrary point in the interval (0; 1). Then

uh(t) = α1φ1(t),
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where

φ1(t) =


sh(kt)

sh(kx)
, t ∈ (0;x),

sh(k − kt)

sh(k − kx)
, t ∈ (x; 1),

and the coe�cient α1 is determined from the equation

α1a11 = f1,

where, according to (7),

a11 =
k ch(kx)

sh(kx)
+

k ch(k − kx)

sh(k − kx)
,

f1 =

x∫
0

f(t)
sh(kt)

sh(kx)
dt+

1∫
x

f(t)
sh(k − kt)

sh(k − kx)
dt.

Moreover, α1 = f1/a11 is the value of the exact solution of the boundary value problem
at an arbitrary point x. Thus, we have established the formula for calculating the exact
solution of the boundary value problem (9):

u(x) =
f1
a11

. (11)

Indeed, it is easy to verify that if f(x) ≡ 1, then

f1 =
ch(kx)− 1

k sh(kx)
+

ch(k − kx)− 1

k sh(k − kx)
,

and solution (11) coincides with (10).

4. Conclusion

A scheme of the �nite element method for solving a boundary value problem for an
ordinary di�erential equation with piecewise constant coe�cients is proposed. The basic
functions of �nite-dimensional subspaces are constructed using solutions of the Dirichlet
problem for a homogeneous di�erential equation on a �nite element. Those solutions are
easy to construct if all the points of discontinuity of the equation coe�cients are contained
among the grid nodes. The scheme is exact in the sense that the �nite element solution
coincides with the exact solution at the nodes of the grid used to construct the �nite
element subspace. The result can be considered as an illustration of the phenomenon of
superconvergence of the �nite element method.
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Çàïðîïîíîâàíî ñõåìó ìåòîäó ñêií÷åííèõ åëåìåíòiâ ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i íà
ñêií÷åííîìó ïðîìiæêó äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó.
Äèôåðåíöiàëüíå ðiâíÿííÿ ìiñòèòü íåâiä'¹ìíèé êóñêîâî-ïîñòiéíèé êîåôiöi¹íò ó íåâi-
äîìié ôóíêöi¨. Äëÿ êðàéîâî¨ çàäà÷i ïîáóäîâàíî âiäïîâiäíi íåïåðåðâíà òà ñêií÷åí-
íîâèìiðíà âàðiàöiéíi çàäà÷i. Îñêiëüêè áiëiíiéíà ôîðìà öèõ çàäà÷ ¹ íåïåðåðâíîþ
òà äîäàòíî âèçíà÷åíîþ, òî âàðiàöiéíi çàäà÷i îäíîçíà÷íî ðîçâ'ÿçíi. Áàçèñíi ôóíêöi¨
ñêií÷åííîâèìiðíîãî ïiäïðîñòîðó ñêií÷åííîâèìiðíî¨ âàðiàöiéíî¨ çàäà÷i áóäóþòüñÿ ç
âèêîðèñòàííÿì ðiøåíü çàäà÷i Äiðiõëå äëÿ âiäïîâiäíîãî îäíîðiäíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ íà ñêií÷åííîìó åëåìåíòi. ßêùî ñåðåä âóçëiâ ñiòêè ìiñòÿòüñÿ âñi òî÷êè
ðîçðèâó êîåôiöi¹íòà äèôåðåíöiàëüíîãî ðiâíÿííÿ, òî òàêi ðiøåííÿ ëåãêî ïîáóäóâàòè,
áî íà ñêií÷åííîìó åëåìåíòi äèôåðåíöiàëüíå ðiâíÿííÿ ìàòèìå ïîñòiéíi êîåôiöi¹íòè.
Ïðîáíi òà ïåðåâiðî÷íi ôóíêöi¨ ìåòîäó ñêií÷åííèõ åëåìåíòiâ âèáèðàþòü ç îäíîãî
ñêií÷åííîâèìiðíîãî ïiäïðîñòîðó. Ìàòðèöÿ ñêií÷åííî-åëåìåòíî¨ àïðîêñèìàöi¨ êðàéîâî¨
çàäà÷i ¹ òðèäiàãîíàëüíîþ ñèìåòðè÷íîþ òà äîäàòíî âèçíà÷åíîþ. Ñõåìà òî÷íà â
òîìó ñåíñi, ùî ñêií÷åííî-åëåìåíòíèé i òî÷íèé ðîçâ'ÿçêè çáiãàþòüñÿ â âóçëàõ ñiòêè.
Ðåçóëüòàò ìîæíà ðîçãëÿäàòè ÿê iëþñòðàöiþ ÿâèùà ñóïåðçáiíîñòi ìåòîäó ñêií÷åííèõ
åëåìåíòiâ, ÿêå ïîëÿãà¹ â òîìó, ùî â öié îáëàñòi ìîæóòü çíàéòèñÿ òî÷êè, äëÿ ÿêèõ
ðiçíèöÿ òî÷íîãî i ñêií÷åííî-åëåìåíòíîãî ðîçâ'ÿçêiâ, (àáî ¨õíiõ ïîõiäíèõ) çáiãàþòüñÿ
äî íóëÿ øâèäøå, íiæ äåÿêà íîðìà ðiçíèöi öèõ ðiøåíü. ßê ïðèêëàä íàâåäåíî, ùî
çàïðîïîíîâàíà ñõåìà ìåòîäó ñêií÷åííèõ åëåìåíòiâ äà¹ çìîãó ïîáóäóâàòè àíàëiòè÷íèé
ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i íà ñêií÷åííîìó ïðîìiæêó äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ ç ïîñòiéíèìè êîåôiöi¹íòàìè, ÿêùî âiäîìî ðiøåííÿ çàäà÷i Äiðiõëå äëÿ âiäïî-
âiäíîãî îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Êëþ÷îâi ñëîâà: ìåòîä ñêií÷åííèõ åëåìåíòiâ, ñóïåðçáiæíiñòü, òî÷íà ñêií÷åííî-åëåìåíò-
íà ñõåìà.


