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A scheme of the finite element method for solving a boundary value problem on a finite
interval for an ordinary differential equation of the second order is proposed. The differen-
tial equation contains a nonnegative piecewise constant coefficient of the unknown function.
For the boundary value problem, the corresponding continuous and finite-dimensional vari-
ational problems are constructed. Since the bilinear form of these problems is continuous
and positive definite, the variational problems are uniquely solvable. Basic functions of
a finite-dimensional subspace of a finite-dimensional variational problem are constructed
using solutions of the Dirichlet problem for the corresponding homogeneous differential
equation on a finite element. If all the points of discontinuity of the coefficient of a differ-
ential equation are contained among the mesh nodes, such solutions are easy to construct,
because the differential equation will have constant coefficients on a finite element. Trial
and test functions of the finite element method are selected from one finite-dimensional
subspace. The matrix of the finite element approximation of the boundary value problem
is tridiagonal symmetric and positive definite. The scheme is exact in the sense that the
finite element and exact solutions coincide at the mesh nodes. The result can be regarded
as an illustration of the phenomenon of superconvergence of the finite element method,
which consists in the fact that in a given area there can be points for which the difference
between the exact and finite element solutions (or their derivatives) converges to zero faster
than some norm of the difference of these solutions. As an example, it is shown that the
proposed scheme of the finite element method allows one to construct an analytical solu-
tion to a boundary value problem on a finite interval for an ordinary differential equation
with constant coefficients if the solution of the Dirichlet problem for the corresponding
homogeneous differential equation is known.
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1. INTRODUCTION

The research on superconvergence for finite element methods has been conducted
extensively by many researchers over the last four decades. This phenomenon was first
addressed in [17], and the term “superconvergence” was first used in [11]. Since then,
superconvergence has become to be an active research topic in finite element methods for
partial differential equations; see [1,2,6-10,12-14,19-21] and the references cited therein
for an incomplete list of publications.

The phenomenon of superconvergence is that in the considerated region there can be
points z; for which the difference u(x;) — un(x;) of exact u(x) and finite element up,(z)
solutions (or Vu(z;) — Vup(z;)) tends to zero faster than norm of this difference.

At the same time, of great interest are cases where at some points the equality of the
approximate and exact solutions is observed. For example, the finite element solution
of the Dirichlet problem for the equation —u” = f constructed using continuous linear
splines coincides at the grid nodes with the values of the exact solution. If we use cubic
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basic splines, then this phenomenon is no longer observed. On the contrary, it is possible
to change not the space of finite elements, but the equation. For example, for the one-
dimensional Helmholtz equation, the indicated values can differ quite significantly [5].
The so-called generalized FEM (or GFEM) was proposed in [3,4,15], the idea of which
is to take into account the structure of a particular equation when constructing a finite-
dimensional space. Regarding superconvergence for this method, some fairly general
results were obtained in [2], where a theoretical study of the inhomogeneous Neumann
problem for the Poisson equation in the two-dimensional domain is given, and the results
are illustrated by numerical experiments on the one-dimensional problem. In [18] for one
class of the generalized finite element method it is proved that the approximate solution
of the boundary value problem for an ordinary differential equation is coincided with the
exact solution at the grid nodes. In the proposed finite element scheme the spaces of test
and verification functions are different.

We proposed to choose test and verification functions from one finite-dimensional
space. For a boundary value problem with piecewise constant coefficients, the existence
of a finite element solution and its coincidence at the grid nodes with an exact solution
is proved.

2. FINITE-ELEMENT APPROXIMATION OF A BOUNDARY VALUE
PROBLEM
Let’s consider the Dirichlet problem,

Lu=—u"+qx)u=f, x€(0,1),
w(0) = u(1) = 0, (1)

where f € L?(0;1), g(z) > 0 is a piecewise constant function. The weak form for the
problem (1) seeks u € H}(0;1) such that
1
[u'v" + q(z)uv)dz = /fudx Vv € Hy(0;1). (2)
0

a(u,v) =

o _

On the interval (0;1) we define a grid w, with nodes
O=zg<z1 < - <xp_1<x =1.

We assume that among the grid nodes there are all discontinuity points of the function
¢(z). On the interval (x;_1;x;) (i = 1,n) we consider boundary value problems

Lo (@) =0, oM (@is) =1, ¢M() =0, (3)

Lo (@) =0, ¢ (i) =0, ¢”(@) =1 (4)
Since the function ¢(z) is a constant on the interval (z;_1;x;), it is easy to find solutions
of problems (3), (4):

(1) _
o (@) = —2p kihy) 0 C () = shikihy)

where q(x) = k?

1
sinus.

_ shki(@i —2)) ) sh(ki(z — zi-1))

on (r;—1,%;), hi = x; — x;—1 and sh(x) = (e* — e~*)/2 is hyperbolic
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With the node z; we associate a continuous function

PP (), € (wio1imy),
pi(z) = 801(‘1.)1(@7 T € (Ti;Tiv1),
0, ze€(0;1)\ (Tim1:Tiq1)-

We define a finite-dimensional subspace V;, C H}(0; 1) with basis {¢;(z)};—, . With vari-
ational problem (2) we associate a finite-dimensional variational problem Wthh searches
for a function uj, € V}, such that

a(up,vp) = /fvhda: Yo, € V. (5)

Since the bilinear form a(-, -) is continuous on Hg (0;1) and Hg (0; 1)-elliptical, it follows
from the Lax-Milgram lemma (see, for example, [16, p. 536]) that problems (2) and (5)
are uniquely solvable.

The solution of problem (5) will be sought in the form

n—1

= Z a;pi(x)

where «; = up(z;). Then problem (5) is a system of linear algebraic equations (SLAE)
with unknowns «;:

n—1 1
> awalpiey) = [ fes)n, j=Ta=T, (6)
=1 0

Performing integration by parts and taking into account (3) and (4), we obtain

n—1

> aia(ps, ) =

i=1
= ;- 1(1(% 1,¢5) T ajaleg, ¢i) + ajrialwi, @;) =

oy [ o ()P (@) + q(@) o (@)l (x) da+

:Ej71
{ [ ¢@ (@) (2) + q(@)e® ()P (@) da+
Tj4+1 ’
+ wﬁﬁl 2)e' (@) + q(@)p) (), (@ >dx}+
%+1 , ,
a1 f 2 @)t (@) + q(2)p', (2) 1), (x)de =

W (0@ @7 +
)%:H}+

Tj—1
1 1
+ @l

1

= aj 19, ( z)p;” ()
mj{ oD (@) ()] .

+a]+1 S0j+ ( )@J#»l( )

Tj+1

zj
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Thus, SLAE (6) takes the form:

—k; kjeh(kihy) | kjiich(kjiihjp)
i1+ { SR + SR ot -
Gt —a = fj, j=Tn—1
shlkpih ) %+l = Jis ] ) )
Tj41
where g =, =0, f; = [ fo;(z)dx
Tj—-1

Theorem 1. The finite element solution up(x) coincides with the solution u(x) of
problem (2) at the nodes of the grid wy,.

Proof. Note that up(z¢) = u(xg) =0, up(z,) = u(x,) = 0 by the construction of the
finite element scheme. It follows from (2) and (5) that

alu—up, ;) =0, j=1n-1L (8)

Integrating by parts, we obtain

ofu =) = f (o) — @) () + (o) (o) — @)l ()it
+ffl ) — un (@) (@) + a(@) (u(@) — un (@)@l (2)do =
— (u(e) — w (=) (@) U () —w@)eh @[

= —(u(@j-1) = wn(@;-1))ef? (2j-1)+
2 1
+(uzs) — un (@) (@ (25) — o) () +
+mmﬂp—muﬁméﬁwﬁn
= SRty (W@ -1) = un(zj—1))+
k h k h 1ch(kitihiiq
+{ sfcl(;i > )) + ih?kfﬁzﬁﬁ )} (u(zj) — unlz;))+

ot o (Wi 41) — un(z41)).

Therefore, system (8) is homogeneous SLAE with the matrix of system (6). Thus, system
(8) has the unique trivial solution u(z;) — up(z;) =0 (j = 1I,n —1). O

3. EXAMPLE

Let’s consider the boundary value problem,
(9)

where f(z) € L?(0;1). If f(z) = 1, then the solution of the boundary value problem is

the function
(e —1)ef* + (1 — ek)e ke ek — ek

k2(ek — e k)
We solve problem (9) by the finite element method using the grid wy, = {0,z,1}, where
x is an arbitrary point in the interval (0;1). Then

u(z) = (10)

up(t) = a1p1(t),
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where Wk
t
Dt e (o)
P =Y shk = kt) fe (1)
sh(k — kx)’ T

and the coefficient o is determined from the equation
ajan = fi,
where, according to (7),

kch(kx) n kch(k — kx)
a prd
T Tsh(kx) " sh(k — ka)

fi = / f(t)js((:;))dt—i— / f(t)‘wczt.
0 x

sh x)

Moreover, a1 = f1/a11 is the value of the exact solution of the boundary value problem
at an arbitrary point . Thus, we have established the formula for calculating the exact
solution of the boundary value problem (9):

_h

ai1

(11)

u(z)

Indeed, it is easy to verify that if f(z) =1, then

ch(kz) —1 ch(k—kx)—1

hi= ksh(kz)  ksh(k—kz)

and solution (11) coincides with (10).

4. CONCLUSION

A scheme of the finite element method for solving a boundary value problem for an
ordinary differential equation with piecewise constant coefficients is proposed. The basic
functions of finite-dimensional subspaces are constructed using solutions of the Dirichlet
problem for a homogeneous differential equation on a finite element. Those solutions are
eagsy to construct if all the points of discontinuity of the equation coefficients are contained
among the grid nodes. The scheme is exact in the sense that the finite element solution
coincides with the exact solution at the nodes of the grid used to construct the finite
element subspace. The result can be considered as an illustration of the phenomenon of
superconvergence of the finite element method.
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3amponoOHOBAHO CXeMY METOIy CKiHYEHHUX eJIeMeHTIB PO3B’s3aHHs KpaloBoi 3a/4a4i HA
CKIHYEHHOMY IPOMIXKKY ISl 3BHYAHHOr0 AU(EPEeHIiaJIbHOr0 PiBHSIHHS JPYTrOro MOPSIKY.
JludepennianbHe piBHAHHA MICTUThb HEBiJ'€MHUU KYCKOBO-IIOCTiiiHMI KoedimieHT y HeBi-
momiit dysknil. [as kpaiioBoi 3ajgadi nmobyoBaHO BijnosigHi HenmepepBHa Ta CKiHYEH-
HOBUMipHA Bapiamiiai 3agadi. Ockinpku Oimimiiina dopma mux 3a1ad € HEIepepBHOIO
Ta JOJAATHO BH3HAYEHOIO, TO Bapiamiiini 3agadi ogqHO3HAYHO pOo3B’a3Hi. baszuchi dyHKmil
CKIHYEHHOBHMIPHOrO MiANPOCTOPY CKiHYeHHOBHMIpHOI Bapiamiiinol 3amadi OymyroTscs 3
BUKOPHUCTAHHAM pimeHsb 3aaa4i Jlipixje ajs BiAmoBiAHOr0 OGHOPIAHOTO AUMEPEHITIaJTEHOTO
piBHSHHS Ha CKiHYeHHOMY ejeMmeHTi. SIKmo cepex By3siB ciTkm MicTaATbCS BCi TOUKH
po3puBy KoedirienTa audepeHIiaIbHOr0 piBHAHHS, TO TaKi pillleHHd JIerko mobymayBaTH,
00 Ha ckimuenHoMmy esemeHTi gudepeHNiaIbHE DIBHSHHS MATHMe HOCTiHHI koedirieHnTn.
IIpoGHi Ta nepeBipouHi (yHKIII MeTOLy CKiHYEHHUX €JeMEeHTIiB BHUOHPAIOTH 3 OJHOIO
CcKiHdeHHOBHMIPHOrO mignpocropy. Marpuns ckindeHHO-e1eMeTHOT anpoKcuMaIil kpaitoBol
3a7a4i € TPUIIarOHAJBHOIO CHMETPHUYHOIO0 Ta [JOJATHO BH3HAUeHOH. C(CxemMa TOYHA B
TOMY CeHCi, IO CKiHYeHHO-eJIeMEeHTHUI i TOYHMI pO3B’d3KU 30iraloThbCsd B By37aX CiTKH.
Pesynbrar MOXKHA PO3IJISIATHA SK 1JOCTPAI0 SBHUINA Cynep3b6iHOCTI MeTOay CKiHYeHHUX
eJIeMEeHTIB, sKe IOJIAITa€ B TOMY, IO B Iiif 006s1acTi MOXKYTb 3HAUTUCS TOUKHU, JJIA AKHX
pisHEng TOYHOrO i CKiHUEHHO-eseMeHTHOrO po3B’a3kKiB, (ab0 IxHix moxizHmx) 36iraroTbCs
0 HyJs WMIBHUJIIE, HiXK JedKa HOpMa DI3HUNI IUX pimeHb. fK NpUKIaj HaBeJeHO, IO
3alPOIIOHOBAHA CXE€Ma METO/ly CKIHYEHHHMX €JIEMEHTIB Ja€ 3MOry no0y/lyBaTu aHaJIiTHIHUN
PO3B’30K KpaloBoi 3a7a4i Ha CKIHYeHHOMY IIPOMIXKKY /i1 3BUYaAHOr0 nudepeHItiaIbHOro
PiBHSIHHS 3 MOCTIHHUMHU KoedillieHTaMu, SKIIO BioMO pimeHnHda 3agadi Jlipixmae qis Bigmo-
BiJTHOrO OZHOPIAHOTO JU(DEPEHIIaIFHOTO PiBHSIHHSI.

K 10081 €A06G: METON CKIHIEHHUX €JIeMEHTIB, Cynep36i>KHICTh, TOYHA CKiHIEHHO-eJIeMEeHT-
Ha CXeMa.



