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Since the main emphasis in solving various problems using the concept of databases is
transferred from information processing procedures to procedures for storing and retrieving
information in databases, the performance of computer systems focused on processing
information in large databases is mainly determined by the efficiency of search methods
information in database files. In most systems of information processing there are typical
cases of uneven distribution of probabilities of access to records. Among the uneven laws,
the most common are the “binary law”, the Zipf’s law and the generalized law, a partial case
of which is a distribution that approximately satisfies the “80-20” rule. For these laws, the
mathematical expectation of the number of comparisons required to search for records in a
file, in the methods of sequential viewing, one- level, two- level and multi-level block search
is calculated. However, in the case of binary search, mathematical expectation is found
only for the laws of Zipf and “binary”. The work is devoted to the case of the generalized
law. The most effective method of binary search in the case of uniform distribution of
probabilities of access to records of database files is considered. A formula to calculate the
mathematical expectation of the number of comparisons required to find an entry in a file
in the case of a generalized law of distribution of the probabilities of access to records is
derived. A comparative analysis of the effectiveness of the binary search method in the case
of a generalized law of distribution of probabilities of access to records and distribution
according to Zipf’s law is done. The graphs show the dependence of the mathematical
expectation of the number of expectations on the number of records in the file, as well as
the results of comparing the effectiveness of methods.

Key words: the generalized distribution of probabilities of access to records, Zipf’s law, the
binary search method, the mathematical expectation.

1. INTRODUCTION

The main emphasis in solving various tasks using the concept of databases is trans-
ferred from the procedures for processing information to the procedures for organizing the
storage and retrieval of information in databases. Therefore, the performance of comput-
ing systems, focused on processing information in large databases, is mainly determined
by the effectiveness of information search methods in database files.

Since most systems of information processing are typical cases of uneven distribution
of probabilities of access to file records, the research of the effectiveness of search methods
is performed for such standard laws of unequal distribution of probabilities as binary,
Zipf’s law, generalized law.

The criterion for the effectiveness of the methods is the mathematical expectation of
the number of comparisons required to search for a record in a file. Some partial results of
research of the effectiveness on search methods were obtained by foreign authors. In par-
ticular, they reflected in the monographs by D.Knut and J. Martin [1,2]. More complete
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studies conducted in the works of H. H. Tsehelyk [3,4]. You can use various methods to
search the record in a file: sequential view; one-level or multi-level block search; binary
search; a search method that takes into account the distribution of probabilities of access
to records; search methods that use indexes, etc. The effectiveness of these methods for
different laws of distribution of likelihood of access to records is different.

A formula for calculating the mathematical expectation of the number of comparisons
needed to find a record in a file in the case of generalized distribution of the probabilities
of accessing records is derived in this article. The effectiveness of the binary search
method in the case of generalized distribution of probabilities of access to records and
Zipt’s law is compared.

2. THEORETICAL RESULT

Consider a file that contains N records. Let k;, i = 1, 2, .., N, — the value of the key
that characterizes the i-th file entry, and p;, ¢ = 1, 2, .., N, — the probability of accessing
to the ¢-th file entry. We will assume that the database file is sorted in ascending order
of key values and the record in file is searched with using binary search method [3]. If the
distribution of probabilities of access to records is uniform, that is p; = %, 1=1,2,.., N,
then this method is most effective. In [3] it is shown that the maximum number of
comparisons required to find a record in a file when using this method is

k =1+ [log, N],
and the average number of comparisons is expressed by the formula

2k _k—1

E=k-
N

In the case of non-uniform laws of probability distribution the formula for mathemat-
ical expectation of the number of comparisons needed to find a record in a file can only
be written if N = 2! — 1, where [ — is an integer (I > 2). This formula looks like this

2i—1

E=>"Yipei-im.
i=1 k=1

m

where n; = 5%, m = [%] + 1.

Using this formula, in [5] we found an explicit form of mathematical expectation in
the case of distribution of probabilities of access to records according to Zipf’s law [1].
We also compared the effectiveness of sequential browsing and binary search methods in
the case of probability distribution under Zipf’s law.

Let’s find the mathematical expectation of the number of comparisons required to
find a record in a file in the case of a generalized distribution of the probabilities of
accessing records [3]. They are calculated by the formula
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— the partial sum of the generalized harmonic series, 0 < ¢ < 1.
In this case the mathematical expectation

27,1 .211
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then, using the approximation [4]
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where C(®) — some constant, and 'y,(f) — an infinitely small value, we obtain,
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Neglecting infinitesimally small quantities, with high enough accuracy we can accept
that
2i—1

1 1 - 1
_ i(l—c)—1 - (¢)
;(%_w =2 +<2c 1>C ‘

Hence, the mathematical expectation of the number of comparisons will be calculated
by the formula

1
i(l—c)—1 - (¢)
p= g S (e (1))

or

1
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where in the case N = 2! — 1, we have n; = 217!, m = 2!=1,
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3. PRACTICAL RESULT

We calculate the value of the constant C®) using formula (1) and examine its de-
pendence on values n and c. The results of the calculations are shown in tablel and

Fig.1.

We can see that with increasing n at a given value ¢ the constant C(¢) grows very
slowly. So the following calculations of the mathematical expectation are almost inde-

pendent of the value n.
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Fig. 1. The constant value C(C)depending on n and c

The constant value C(®)depending on n and ¢

n c=0,2 | c=0,4 | ¢=0,6 | c=0,8
100 0,534934 | 1,05561 | 1,92115 | 4,425

1000 0,608331 | 1,10325 | 1,94474 | 4,43555
10000 0,654677 | 1,12224 | 1,95067 | 4,43722
100000 0,683921 | 1,1298 1,95216 | 4,43749
1000000 | 0,702373 | 1,13281 | 1,95254 | 4,43753

Table 1

Let us perform a comparative analysis of the value of the mathematical expectation
of the number of comparisons required to find a record in a file, in the case of using the
binary search method in the generalized distribution of probabilities of access to records.
In table 2 it shows the values E calculated by the formula (2) for different values ¢ and
value n = 10000. Also in this table we can see the mathematical expectation of the
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Fig. 2. The mathematical expectation for different values c
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Fig. 3. The mathematical expectation for ¢ = 0, 2

number of comparisons F; and Es calculated with the using sequential view method and
binary search method in the case of distribution according to Zipf’s law.

The Fig. 2 shows the values of the mathematical expectation E at the [ = 10 (N =
1023) for different values ¢ (if ¢ = 1we have the Zipf’s law). We see that the best result
obtained for ¢ = 0,2 and in the case of Zipf’s law the value the mathematical expectation
E will be the greatest. It grows with the growing c.

The Fig.3 shows the behavior of the mathematical expectation of the number of
comparisons needed to find a record in a file, in the case of generalized distribution of
the probabilities of accessing records with ¢ = 0, 2, depending on the number of records N.

4. CONCLUSIONS

The paper presents a formula for calculating the mathematical expectation of the
number of comparisons required to find a record in a database file in the case of general-
ized distribution of the probabilities of accessing records. We compare the effectiveness
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Table 2

The mathematical expectation of the number of comparisons required to find

a record in a file

l N E E E E E; Eo
(c=0,2) | (¢=0,4) | (¢=0,6) | (¢=0,8)

111 1,00344 0,991356 | 0,985677 | 0,983038 1,7331 | 0,98164
213 1,68083 1,68043 1,68837 1,70122 1,79039| 1,71669
3|7 2,4499 2,46091 2,48231 2,51114 2,77457| 2,54469
4 |15 3,29032 3,30893 3,34006 3,38172 4,56614| 3,43089
5 | 31 4,18352 4,20541 4,24174 4,29202 7,72877| 4,35333
6 | 63 5,11399 95,1358 5,17342 5,22843 13,3471 5,29857
7 | 127 6,06978 6,08943 6,12554 6,18218 23,4266 | 6,25844
8 | 255 7,04221 7,05876 7,09167 7,14767 41,6785| 7,22797
9 | 511 8,02529 8,03856 8,06745 8,12129 74,9996 8,20409
10| 1023 9,01503 9,0253 9,04995 9,10068 136,264 | 9,18485
11| 2047 10,0089 10,0166 10,0372 10,0843 249,6 10,169
12| 4095 11,0052 11,0109 11,0278 11,071 460,396| 11,1557
13| 8191 | 12,0031 | 12,0072 | 12,0209 | 12,0602 | 854,316] 12,1444
141 16383 | 13,0018 13,0047 13,0157 13,0512 1593,52| 13,1346
15| 32767 | 14,0001 | 14,0031 | 14,0118 | 14,0438 | 2985,83| 14,1261
16| 65535 | 15,0006 15,002 15,0089 15,0375 5616,96| 15,1187
17| 131071 | 16,0004 16,0014 16,0068 16,0322 10604 | 16,1127
18] 262143 | 17,0002 17,0009 17,0051 17,0277 20082 | 17,1093
19| 524287 | 18,0001 18,0006 18,0039 18,0239 38138,9| 18,1137
20| 1048575 19,0001 19,0004 19,0029 19,0206 72616,3| 19,1441

of the binary search method for different values ¢, as well as in the case of Zipf’s law
distribution.

First of all, the binary search method in the case of generalized distribution produces
much better results than the sequential view method and better than the binary search
in the case of Zipf’s law.

Also, the best result we obtained for the value ¢ = 0, 2. The mathematical expectation
grows with the growing c. The worst result was in the case of Zipf’s law.

We calculate the value of the constant C(®) and examine its dependence on values n
and c. With increasing n at a given value ¢ the constant C¢) grows very slowly. That’s
why the mathematical expectation of the number of comparisons required to find a record
in a database file in the case of generalized distribution of the probabilities of accessing
records are almost independent of the value n.

We examine the behavior of the mathematical expectation of the number of compar-
isons needed to find a record in a file.

Calculations show that the use of the binary search method in the case of a generalized
law of distribution of the probability of access to records is ineffective. In this case, it
would be best to use a method that takes into account the distribution of record access
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probabilities [6]. This method uses the notion of a conditional average record. In the
case of even distribution of access to records, it is the same as the binary search method.
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E®PEKTUBHICTH METO/IY JABIMKOBOTI'O HOIIIYKY

3AIINCIB ¥V ®AMJIAX BA3 JAHUX VYV BUIIAJIKY

VY3ATAJIBHEHOI'O PO3IIO/A1JIY MIMOBIPHOCTEN
3BEPTAHHS 10 3AINCIB
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OcCKisbKE OCHOBHHUI AKIEHT Iif Yac PO3B’s3yBaHHS Pi3HOMAHITHHX 33739 3 BUKOPHUC-
TAaHHSM KOHIENNii 6a3 JAaHUX HEPEeHOCUTHCS 3 IPOIEJyp OIpPAIOBAaHHS iHdOpMaril Ha
nponeaypu opramizanii 36epexkeHuss Ta momryky imdopmaril, TO OPOAYKTHBHICTH 00YHC-
JIIOBAJIBHUX CHCTEM, OPi€HTOBaHHX Ha OIpallfoBaHH:A iHdopwMmamnii y Besukux BJl, romosHo
BU3HA4YEHA ePEKTUBHICTIO MeTOAIB nonryky indopmarnii y daitsax 6a3 ganux. Y bimsmocti
CHCTeM ONpAIIOBaHHs iHdopMmamnil TUIOBI, € BUIAAKH HEPIBHOMIDHOTO PO3mOAinLy HMOBIp-
HOCTeH 3BepTaHHs A0 3anuciB. Cepea HEPIBHOMIPHUX 3aKOHIB HANUMOMUpeHIui “GinapHuit
3akoH”, 3akoH 3inda i yzaraspHeHHil 3aKOH, YACTKOBHM BHIAJKOM SIKOTO € DPO3IOJiJ,
AKAM HADJIMKEHO 33 10BOJIbHsIE mpaBuiio “80-20”. [Is mux 3aKOHIB 3HANIEHO MAaTEMATUIHE
CIIO/[iBaHHS KiJIBKOCTI MOpiBHsIHB, HEOOXiMHUX jJis NMOUIYKY 3anuciB y daiiiai, B merogax
MOCJIIOBHOTO I€PerJIsiy, OJHOPIBHEBOI'O, JBOPIBHEBOro Ta 6GaraTopiBHEBOro GJIOKOBOrO
nouryky. OpHaK y BUNa Ky ABIfIKOBOIO MOIIyKYy MAaTeMaTHYHE CIO/iBAHHS 3HAWIEHO TIJIbKH
s 3akoHiB 3inda ta “6iHaproro”. Ilpamg npucBsdyeHa BHIAJKY y3arajbHEHOI'O 3aKOHY.
PosrnsanaeTbesa HajlepeKTUBHININY Y BUTAAKY PIBHOMIPHOTO PO3MOALTY iMOBipHOCTEH 3BEp-
TaHHS 70 3anuciB daiiiais 6a3 gaHux MeTo ] ABIMKOBOro nomyky. BusemeHo dopmysty mist
OOYHUCTIEHHST MATEeMATUYIHOTO CIOJIBAHHS KiMTbKOCTI HMOPiBHSHb, HEOOXITHUX MAJIsS MOIIYKY
3amucy y dailii, y BUIAJKy y3arajJbHEHOrO 3aKOHY PO3IOiay HMOBipHOCTEH 3BepTaHHS 10
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3amucis. IIpoBeneno mopiBHsIbHHUIT aHAMI3 ePEeKTHBHOCTI MeTOLy ABIHKOBOrO HOIIYKY ¥
BHUITaJIKY Y3araJbHEHOTO 3aKOHY PO3HOJiIy HMOBIpHOCTEH 3BepTaHHS 0 3aIHUCIB i po3moi-
sy 3a 3akoHOM 3inda. Ha rpadikax ta y Tabauisax noka3aHa 3aj€KHICTb MaTEMaTHIHO-
IO CHIOZiBaHHS KIJIBKOCTI CIOJiBaHb BiJ KUIBKOCTI 3amuCiB y ¢aiiii, a TaKOXK pe3yIbTaTH
nopiBHsIHHS €(DEKTUBHOCTI METO/IiB.

Knat04061 ca06a: y3araabHeHUN PO3MO/IiT UMOBIDHOCTeH 3BepTAHHS 10 3aMKCiB, 3aKOH 3im-
da, meTox IBIKOBOTO MOIIYKY, MATEMATHUIHE CIIOLiBAHHS.



