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Ìàòåìàòè÷íå ìîäåëþâàííÿ ñêëàäíèõ ôiçè÷íèõ ïðîöåñiâ ÷àñòî ïîòðåáó¹ ðîçâ'ÿ-

çóâàííÿ ñèñòåì íåëiíiéíèõ ðiâíÿíü. Íå iñíó¹ óíiâåðñàëüíèõ ìåòîäiâ ùîá óñïiøíî

ðîçâ'ÿçàòè öi ïðîáëåìè äëÿ øèðîêîãî êîëà çàäà÷. Îòæå, ïðîáëåìà ïîáóäîâè íîâèõ

åôåêòèâíiøèõ àëãîðèòìiâ àêòóàëüíà. Ðîçãëÿíåìî ÿê çíàõîäèòè ðîçâ'ÿçîê äëÿ ñèñòåìè

íåëiíiéíèõ ðiâíÿíü. Iñíó¹ áàãàòî ïiäõîäiâ äëÿ âiäøóêàííÿ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè.

Íàéâiäîìiøèé iòåðàöiéíèé ìåòîä äëÿ ðîçâ'ÿçóâàííÿ öi¹¨ ïðîáëåìè � ìåòîä Íüþòîíà.

Öåé ìåòîä ñòàðòó¹ ç òî÷êè x0 òà ïiñëÿ k iòåðàöié. ßêùî çàäîâîëüíèòüñÿ âèáðàíèé

êðèòåðié, òî çóïèíÿ¹òüñÿ. Ïåðåâàãà ìåòîäó Íüþòîíà â òîìó, ùî îòðèìàíà ïîñëi-

äîâíiñòü çáiãà¹òüñÿ êâàäðàòè÷íî äî ðîçâ'ÿçêó çàäà÷i, ÿêùî ïî÷àòêîâà òî÷êà áëèçüêà

äî òî÷íîãî ðîçâ'ÿçêó. Îäíàê ìåòîä ìà¹ äåÿêi íåäîëiêè. Îäíèì ç íèõ ¹ âèáið

ïî÷àòêîâî¨ òî÷êè. Äîáðà ïî÷àêîâà òî÷êà ìîæå ïðèçâåñòè äî çáiæíîñòi ìåòîäó çà

äåêiëüêà iòåðàöié. Äëÿ ïîëiïøåííÿ ïî÷àòêîâî¨ òî÷êè ìîæíà çíàéòè â ëiòåðàòóði

ðiçíi ìåòîäè. Ñóòò¹âèì íåäîëiêîì ìåòîäó Íüþòîíà ¹ òå, ùî íà êîæíîìó êðîöi

ïîòðiáíî îá÷èñëþâàòè ìàòðèöþ ßêîái, îòæå, öå ñêëàäíà çàäà÷à. Äëÿ âèðiøåííÿ öi¹¨

ïðîáëåìè ìîæíà ñêîðèñòàòèñÿ ðiçíèöåâèì âàðiàíòîì ìåòîäó Íüþòîíà. Ïðîïîíó¹ìî

ðîçãëÿíóòè óçàãàëüíåíèé ìåòîä Ñòåôôåíñåíà, ÿêèé ¹ êîìáiíàöi¹þ ìåòîäó ïðîñòî¨

iòåðàöi¨ òà ðiçíèöåâîãî ìåòîäó. Ó çàïðîïîíîâàíîìó ìåòîäi øâèäêiñòü çáiæíîñòi íå

ìåíøà, íiæ ó êëàñè÷íîìó ìåòîäi. ×èñåëüíi åêñïåðèìåíòè ñâiä÷àòü ïðî åôåêòè÷íiñòü

çàïðîïîíîâàíîãî ìåòîäó. Ïîäà¹ìî òåîðåìó ïðî çáiæíiñòü ìåòîäó òà äîâîäèìî. Â

öié òåîðåìi óìîâè íàêëàäàþòüñÿ íà ôóíêöiþ ëèøå â ïî÷àòêâié òî÷öi. Íà ïiäñòàâi

÷èñëîâèõ ðîçðàõóíêiâ i ïîðiâíÿííÿ îòðèìàíèõ ðåçóëüòàòiâ äîâåäåíî, ùî çàïðîïîíîâà-

íèé ìåòîä äà¹ çìîãó çìåíøèòè îá÷èñëþâàëüíi çàòðàòè äëÿ îòðèìàííÿ ðîçâ'ÿçêó.

Êëþ÷îâi ñëîâà: ìåòîä Íüþòîíà, ðiçíèöåâèé ìåòîä, ïîäiëåíà ðiçíèöÿ, ìåòîä ïðîñòî¨

iòåðàöi¨, ìåòîä Ñòåôôåíñåíà.

1. Âñòóï

Ìàòåìàòè÷íå ìîäåëþâàííÿ ñêëàäíèõ ôiçè÷íèõ ïðîöåñiâ äóæå ÷àñòî ïîòðåáó¹
ðîçâ'ÿçóâàííÿ ñèñòåì íåëiíiéíèõ ðiâíÿíü. Óíiâåðñàëüíèõ ìåòîäiâ äëÿ óñïiøíîãî
ðîçâ'ÿçóâàííÿ øèðîêîãî êëàñó ïîäiáíèõ çàäà÷ íåìà¹, òîìó àêòóàëüíîþ ¹ ïðîáëåìà
ïîáóäîâè íîâèõ, åôåêòèâíiøèõ àëãîðèòìiâ. Iñíó¹ áàãàòî ïiäõîäiâ äëÿ âiäøóêàííÿ
ðîçâ'ÿêiâ ñèñòåì íåëiíiéíèõ ðiâíÿíü. Íàéëiïøèé iòåðàöiéíèé ìåòîä äëÿ ðîçâ'ÿçóâàí-
íÿ öi¹¨ ïðîáëåìè � ìåòîä Íüþòîíà. Ïåðåâàãà ìåòîäó Íüþòîíà ïîëÿãà¹ â òîìó, ùî
îòðèìàíà ïîñëiäîâíiñòü çáiãà¹òüñÿ êâàäðàòè÷íî äî ðîçâ'ÿçêó çàäà÷i, ÿêùî ïî÷àòêîâà
òî÷êà áëèçüêà äî òî÷íîãî ðîçâ'ÿçêó. Îäíàê ìåòîä ìà¹ äåÿêi íåäîëiêè. Îäèì ç íèõ �
âèáið ïî÷àòêîâî¨ òî÷êè. Äîáðà ïî÷àòêîâà òî÷êà ìîæå ïðèçâåñòè äî çáiæíîñòi ìåòîäó
çà äåêiëüêà iòåðàöié. Ñóòò¹âèì íåäîëiêîì ìåòîäó Íüþòîíà ¹ òå, ùî íà êîæíîìó
êðîöi ïîòðiáíî îá÷èñëþâàòè ìàòðèöþ ßêîái, ùî ñàìî ñîáîþ ¹ ñêëàäíîþ çàäà÷åþ.
Äëÿ âèðiøåííÿ öi¹¨ ïðîáëåìè ìîæíà ñêîðèñòàòèñÿ ðiçíèöåâèì âàðiàíòîì ìåòîäó
Íüþòîíà.

Ìè ðîçãëÿíåìî ìåòîä íà ïiäñòàâi ðiçíèöåâîãî ìåòîäó Íüþòîíà òà ìåòîäó ïðîñòî¨
iòåðàöi¨ [3] äëÿ ðîçâ'ÿçóâàííÿ ñèñòåì íåëiíiéíèõ ðiâíÿíü.

c⃝ ÁàðòiøÌ., Êîâàëü÷óêÎ., ÎãîðîäíèêÍ., 2019
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2. Ôîðìóëþâàííÿ çàäà÷i

Íåõàé çàäàíå íåëiíiéíå ôóíêöiîíàëüíå ðiâíÿííÿ

P (x) = 0, (1)

äå P (x) îïåðàòîð, ÿêèé äi¹ ç áàíàõîâîãî ïðîñòîðó X ó áàíàõiâ ïðîñòið Y .

Ïîäàìî ðiâíÿííÿ (1) ó âèãëÿäi

P (x) = x− φ(x) = 0 (2)

i áóäåìî ðîçãëÿäàòè ëèøå âèïàäîê, êîëè âèêîíó¹òüñÿ óìîâà

sup ∥φ′(x)∥ = K < 1. (3)

Êëàñè÷íèì ìåòîäîì äëÿ ðîçâ'ÿçóâàííÿ (1) ¹ ìåòîä Íüþòîíà. Ó âèïàäêó, êîëè
âèêîíó¹òñÿ óìîâà (3), ìîæíà âèêîðèñòîâóâàòè ìåòîä ïðîñòî¨ iòåðàöi¨. Îäíàê âèêî-
ðèñòàííÿ òàêîãî ìåòîäó ïðèâîäèòü äî çíà÷íî¨ êiëüêîñòi îá÷èñëåíü, îñêiëüêè çáiæ-
íiñòü ìåòîäó ëiíiéíà. Ìè ðîçãëÿäàòèìåìî äåÿêó ìîäèôiêàöiþ ìåòîäó Íüþòîíà ç
óðàõóâàííÿì öi¹¨ óìîâè.

Äëÿ ðîçâ'ÿçóâàííÿ ðiâíÿííÿ (2) ðîçãëÿíåìî iòåðàöiéíèé ïðîöåñ [4]

xk+1 = xk − [P (xk, φ(xk))]
−1P (xk), k = 0, 1, ... (4)

äå P (x, y) � ïîäiëåíà ðiçíèöÿ îïåðàòîðà P (x) çà òî÷êàìè x òà y [5]. Äëÿ äîâåäåííÿ
çáiæíîñòi óçàãàëüíåíîãî ìåòîäó ìè ñïðîñòèëè óìîâè, ÿêi íàêëàäàþòüñÿ íà îïåðàòîð
P (x).

3. Îá ðóíòóâàííÿ çáiæíîñòi

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè.

1. Äëÿ ïî÷àòêîâîãî íàáëèæåííÿ x0 iñíó¹ îïåðàòîð Γ0 = [P (x0, φ(x0))]
−1, ïðè÷îìó

∥Γ0∥ ≤ B0.

2. ∥P (x0)∥ ≤ η0.

3. Äëÿ x, y, z ∈ Ω0 = {x : ∥x− x0∥ ≤ 2B0η0} âèêîíó¹òüñÿ ∥P (x, y, z)∥ ≤ M .

4. h0 = B0(1 +B0)Mη0 < 1
4 .

Òîäi ðiâíÿííÿ (2) ìà¹ â îáëàñòi Ω0 ðîçâ'ÿçîê x∗, i ïîñëiäîâíiñòü {xn} ïðè n ≥ 0
çáiãà¹òüñÿ äî íüîãî òà ñïðàâäæó¹òüñÿ îöiíêà

∥xn − x∗∥ ≤ (1− h
′

0)
n−1C2n−1

0 B0η0 (5)

äå C0 =
h0

(1− h
′
0)

2
, h

′

0 = B2
0M(1 +K)η0.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî çà ñõåìîþ Êàíòîðîâè÷à [2].

1. Ïåðåâiðèìî âèêîíàííÿ óìîâ äëÿ òî÷êè x1. Ðîçãëÿíåìî òîòîæíiñòü

Γ1 = [P (x1, φ(x1))]
−1 = {I − Γ0P ((x0, φ(x0))− P (x1, φ(x1)))}−1

Γ0.
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Òåïåð

∥P (x0, φ(x0))− P (x1, φ(x1))∥ =

= ∥P (x0, φ(x0))− P (x1, φ(x0)) + P (x1, φ(x0))− P (x1, φ(x1))∥ =

= ∥P (x0, φ(x0), x1)(x0 − x1) + P (x1, φ(x0), φ(x1))(φ(x0)− φ(x1))∥ ≤
≤ M(K + 1) ∥x0 − x1∥ ≤ MB0(K + 1)η0.

Òîäi çà òåîðåìîþ Áàíàõà iñíó¹ îáåðíåíèé îïåðàòîð Γ1 i ñïðàâäæó¹òüñÿ îöiíêà

∥Γ1∥ ≤ B0

1−MB2
0(K + 1)η0

≤ B0

(h
′
0)

= B1.

2. Ç òîòîæíîñòi P (x1) = P (x1)− P (x0)− P (x0, φ(x0))(x1 − x0) îòðèìà¹ìî

∥P (x1)∥ = ∥P (x1, x0)− P (x0, φ(x0))∥ · ∥x1 − x0∥ =

= ∥P (x0, φ(x0), x1)(x1 − φ(x0))∥ ∥x1 − x0∥ ≤
≤ M ∥x1 − x0∥ ∥x1 − x0 + x0 − φ(x0)∥ ≤ M(B0 + 1)B0η

2
0 = h0η0 = η1.

3. Iç òîãî, ùî x ∈ Ω1 = {x : ∥x− x1∥ ≤ 2B1η1}, âèïëèâà¹, ùî x ∈ Ω0. Ñïðàâäi,

∥x− x0∥ ≤ ∥x− x1∥+ ∥x1 − x0∥ ≤ 2B1η1 +B0η0 = 2
B0

1− h
′
0

h0η0 +B0η0 ≤ 2B0η0.

Áåçïîñåðåäíüî ïiäñòàíîâêîþ îòðèìà¹ìî

h1 = MB1(1 +B1)η1 ≤ M
B0

1− h
′
0

(1 +
B0

1− h
′
0

)h0η0 ≤

≤ MB0(1 +B0)

(1− h
′
0)

2
h0η0 ≤ h2

0

(1− h
′
0)

2
≤ C0h0.

4. C1 =
h1

(1− h
′
1)

2
=

C0h
′

0

(1− h
′
0)

2
≤ C2

0 .

5. ∥x2 − x1∥ ≤ B1 ∥P (x1)∥ =
B0

(1− h
′
0)
((1− h

′

0))
2C0η0 = B0(1− h

′

0)C0η0.

Âèêîðèñòîâóþ÷è ìåòîä ìåòàìàòè÷íî¨ iíäóêöi¨, ïðèïóñòèìî, ùî óìîâè òåîðåìè
âèêîíóþòüñÿ äëÿ äîâiëüíî¨ òî÷êè xk ïðè k = 2, 3, ... à ñàìå:

1) ∥Γk∥ =
∥∥P (xk, φ(xk))

−1
∥∥ =

=
∥∥∥I − Γk−1 {P (xk−1, φ(xk−1))− P (xk, φ(xk))}−1

Γk−1

∥∥∥
≤ Bk−1

(1− h
′
k−1)

≤ B0

(1− h
′
0)

k
;

2) ∥P (xk)∥ ≤ M(Bk−1 + 1)Bk−1η
2
k−1 ≤ C2k−1

0 (1− h
′

0)
2kη0 = ηk;

3) hk = Bk(1 +BkMηk) = C2k−1
0 h0;

4) Ck =
hk

(1− h
′
k)

2
=

C2k−1
0 h0

(1− h
′
0)

2
≤ C2k

0 ;

5) ∥xk+1 − xk∥ ≤ Bkηk = B0C
2k−1
0 (1− h

′

0)
kη0.
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Ç íåðiâíîñòi

∥xk+p − xk∥ ≤
k+p−1∑
i=k

∥xk+i − xi∥ ≤
k+p−1∑
i=k

B0C
2i−1
0 (1− h

′

0)
iη0 =

= B0η0(1− h
′

0)
kC2k−1

0

k+p−1∑
i=k

C2i−2k

0 (1− h
′

0)
i−k ≤

≤ B0η0(1− h
′

0)
kC2k−1

0

1

1− (1− h
′
0)C

2k
0

âèïëèâà¹ çáiæíiñòü {xk} äî x∗. Àíàëîãi÷íî îòðèìà¹ìî limk→∞ ∥P (xk)∥ = ∥P (x∗)∥ =
0. Òîáòî, x∗ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1). Òàêîæ ïðè k → ∞ îäåðæèìî

∥xk − x∗∥ ≤ B0η0(1− h
′

0)
k−1C2k−1

0

Òåïåð äîâåäåìî, ùî xk ∈ Ω0. Ñïðàâäi,

∥xk − x0∥ ≤
∞∑
i=0

∥xi+1 − xi∥ ≤
∞∑
i=0

B0

(1− h
′
0)

i
C2i−1

0 (1− h
′

0)
2iη0 =

= B0η0

∞∑
i=0

C2i−1
0 (1− h

′

0)
i ≤ 2B0η0.

�

4. Àïðîáàöiÿ ìåòîäó

Òåñòóâàííÿ ìåòîäó ïðîâåäåíî íà äâîõ ïðèêëàäàõ. Öi ïðèêëàäè ìè ïîáóäóâàëè,
ùîá âèêîíóâàëàñÿ óìîâà (3).

Ïðèêëàä 1.

P2i−1 = x2i−1 −
10

21
sin(x2i−1)−

10

21
cos(x2i),

P2i = x2i +
10

21
sin(x2i−1) +

10

21
cos(x2i)−

π

2
,

i = 1, ..., n/2.

x∗ = (0;
π

2
).

x0 = (0, 0).

Ïðèêëàä 2.

P2i−1 = 2x2
2i−1 − 2x2

2i + 1− 4x2i−1,

P2i = −4 ∗ x4
2i−1 − 4x4

2i + 8x2i + 4− 12x2i,

i = 1, ..., n/2.

x∗ ≈ (−0.0123675; 0.72449194).

x0 = (0, 0).
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Òàáëèöÿ 1

Ïðèêëàä 1

n ìåòîä (6) ìåòîä (7)
H K H K

4 8 58 5 31
16 8 152 5 91
52 8 440 5 271
100 8 824 5 511

Òàáëèöÿ 2

Ïðèêëàä 2

n ìåòîä (6) ìåòîä (7)
H K H K

4 6 44 4 25
16 6 116 4 73
52 6 332 4 217
100 6 620 5 511

Âñi îá÷èñëåííÿ ïðîâîäèëè äî âèêîíàííÿ óìîâè ∥xk+1 − xk∥ ≤ 10−8. Ó òàáëèöÿõ
íàâåäåíî êiëüêiñòü iòåðàöié (H) i êiëüêiñòü îá÷èñëåíü(K) âåêòîð-ôóíêöi¨ F , çàòðà-
÷åíèõ äëÿ îòðèìàííÿ íàáëèæåííÿ äî ðîçâ'ÿçêó çàäà÷ iç çàäàíîþ òî÷íiñòþ.

Ïîçàÿê ó áiëüøîñòi âèïàäêiâ äîñèòü âàæêî ïiäiáðàòè âäàëå ïî÷àòêîâå íàáëèæåí-
íÿ, òîìó âèêîðèñòîâóþòü äåìïôîâàíèé ìíîæíèê [1]. Îòæå, îñòàòî÷íî ìåòîäè, äëÿ
ÿêèõ ïðîâîäèëè ÷èñåëüíi åêñïåðèìåíòè íàáóäóòü òàêîãî âèãëÿäó:

xk+1 = xk − αk[P (xk)]
−1P (xk), k = 0, 1, ... (6)

xk+1 = xk − αk[P (xk, φ(xk))]
−1P (xk), k = 0, 1, ... (7)

äå αk ∈ (0; 1].

5. Âèñíîâîê

Ðîçãëÿíóòî ðiçíèöåâèé àíàëîã ìåòîäó Íüþòîíà, ÿêèé äîâîëi áëèçüêèé äî ìåòîäó
Ñòåôôåíñåíà [4]. Çðîáëåíî òåîðåòè÷íi òà ÷èñëîâi äîñëiäæåííÿ àëãîðèòìó (4) òà
äîâåäåíî éîãî çáiæíiñòü, ó ñïðîùåíèõ óìîâàõ, ÿêi íàêëàäàþòüñÿ íà îïåðàòîð P (x)øå
â ïî÷àòêîâié òî÷öi. Íà ïiäñòàâi ÷èñëîâèõ ðîçðàõóíêiâ i ïîðiâíÿííÿ îòðèìàíèõ
ðåçóëüòàòiâ äîâåäåíî, ùî ðîçãëÿíóòèé ìåòîä äîïîìàãà¹ çìåíøèòè îá÷èñëþâàëüíi
çàòðàòè äëÿ îòðèìàííÿ ðîçâ'ÿçêó.
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Mathematical modeling of complex physical processes often requires the solution of

systems of nonlinear equations. There are no universal methods for successfully solving

this problem for a wide range of tasks. Therefore, the problem of constructing new more

e�cient algorithms is urgent. In this paper, we look at how to �nd a solution to a system of

nonlinear equations. There are many approaches to �nding solutions to this system. One

of the most famous iterative methods for solving this problem is the Newton's method.

This method starts with an initial guess x0 and stops after k updates iterations, if the

selected criterion is satis�ed. The advantage of the Newton's method is that the obtained

sequence coincides quadratically with the solution of the problem if the starting point is

close to the exact solution. However, the method has some disadvantages. One is to choose

a starting point. A good starting point can lead to a convergence of the method in several

iterations. Various methods can be found in the literature to improve the starting point. A

signi�cant disadvantage of the Newton's method is that every step requires the calculation

of the Jacobi matrix, which in itself is already a di�cult task. To solve this problem, you

can use some variant of the Newton's method. In this article, we propose to consider a

generalized Ste�ensen's method, which is a combination of the �xed point method and the

di�erence method. In the proposed method, the convergence rate is not less than in the

classical method. Numerical experiments show the e�ectiveness of the proposed method.

We also present a method convergence theorem and prove it. In this theorem, conditions

are imposed on a function only at the starting point. Based on the numerical calculations

and the comparison of the results obtained, it is shown that the proposed method allows

reducing the computational costs for the solution.

Key words: Newton's method, divided di�erence, �xed point method, Ste�ensen's method.


