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MaremaTuvuHe MOIENIOBAHHS CKJIASHUX (izuaHmX mpomeciB gacTto morpebye po3s’si-
3YBaHHS CHCTeM HeJiHiMHUX piBHAHL. He icHye yHiBepcambHUX MeTOAIB IO6 yCHiITHO
po3B’si3aTu 1i npobsiemMu Jisi MIUPOKOro Kojia 3axad. Otxke, npobsiema moby10BH HOBHX
e(EeKTUBHIIINX AJTOPUTMIB aKTyasIbHA. PO3TIISTHEMO SIK 3HAXOIUTU PO3B’SA30K JIJIsI CHCTEMH
HeJsliHiWHUX piBHsiHBb. IcHye GaraTo migxoiB [uist BifurykaHHsST PO3B’si3KiB 1€l cucremu.
HaiiBimomimuii iTepaniiiuuii MmeTos s po3B’s3yBaHHA Ii€l npobsemu — MeTon HproToHa.
Ileit merox crapTye 3 TOUKH (o Ta micJas k itepamiii. Km0 3a70BOJIbHUTHCA BUOpaHUil
KpuTepiii, To 3ynuHAeThca. llepeBara merony HprooToHa B TOMY, IO OTpHEMaHAa IOCJHI-
JOBHICTB 30ira€ThCs KBAJAPATUYHO A0 PO3B’SI3KYy 3a7adi, SKIO MOYATKOBA TOYKA OJIM3BKA
0 TOYHOrO poO3B’si3Ky. OpgHak Meros Mae gesiki Hemosiku. OpHUM 3 HUX € BUOID
no4aTkoBoi Touku. JloOpa modYakoBa TOYKAa MOXKe Ipu3BecTu 10 30iKHOCTI MeTomy 3a
nekispka irepamiit. [sgs mosminmennst modaTKoBOI TOYKKM MOXKHA 3HAiTH B JiTeparypi
pi3ui Meromu. CyTrTeBuM HemosikoM Mertony HploTOHaA € Te, MmO Ha KOXHOMY KPOIIi
norpibHO ob6uucaoBaTH Marpunio Akobi, orxke, ne ckiagHa 3aja4da. s BupimenHs miel
npobseMH MOXKHA CKODHCTATHUCS DPi3HUIEBHM BapiaHTOM Merony Hprorona. IIpomomyemo
poO3TIgHYTH y3aranbHeHuit Metoq CreddenceHna, axuii € KOMOIHAIIECIO METOAY TPOCTOT
irepamil Ta pi3HHIEBOrO MeTOoxy. VY 3amPOIOHOBAHOMY METO[l IIBHAKICTH 30ixkHOCTI He
MEHIIIa, Hi2K y KJIACHIHOMY MeTOJi. UucenbHi eKCIepUMEeHTH CBiT9aTh Npo edeKTUIHICTH
3alpONOHOBAHOrO MeTomy. llomaemMo Teopemy mpo 30iKHICTH MeTOAy Ta J0BOAMMO. B
miif TeopeMmi yMOBH HaKJIaJalOTbCA HA (DYHKIIO julle B movaTKBill Toumni. Ha migcrasi
9HCJIOBAX PO3PAXYHKIB i MOPIBHSHHS OTPHMAHHUX PE3YJILTATIB JOBEAEHO, IO 3AIPOIOHOBA-
HAMW MeTO [a€ 3MOTY 3MEHIIUTH OOYHCIIOBAIBHI 3aTPATH AJisl OTPUMAHHS PO3B’I3KY.

Karouoei caosa: meron HpioTOHA, Pi3HMIIEBUN METO, MOIiJEHA PI3HWI, METO MPOCTOT
ireparii, merox Creddencena.

1. BcTym

Maremarudmne MOJETIOBAHHS CKJIATHUX (DIBUIHUX MPOIECIB IyKe FaCTO HOTPEOYE
pPO3B’SI3yBaHHST CHCTEM HEIHINHUX PiBHSHB. YHIBEPCAJIHHUX METOMIB JJIsT YCIIITHOTO
pPO3B’sI3yBaHHS IMTUPOKOrO KJIACY TMOMIOHUX 33739 HEMAE, TOMY AKTYAJIHHOIO € MpodIeMa
mo0y10BY HOBUX, edeKTUBHIMMmMX ajropuTmiB. I[cHye Oararo migxoaiB /jis BiAIyKaHHS
PO3B’SKiB cucTeM HeTiHIHHUX piBHAHD. Haftminmuii itepamiifiauit MeTo 1711 PO3B’ a3y BaH-
4 1i€l npodonemu — meron Heiorona. IlepeBara merony HeroTona mossirae B TOMY, IO
OTPUMAaHA MOCJIi TOBHICTH 30iTra€ThCs KBAIPATUYIHO 0 PO3B’I3KY 3a/1a4i, AKIIO MOIATKOBA
TOYKA OJIU3BKA JI0 TOYHOTO po3B’sa3ky. OmHak merom Mae meski memomiku. OmauMm 3 HUX —
BuUOip mo9aTKOBOI TOUKM. /l0Opa moYarkoBa TOYKA MOXKE MIPU3BECTH /10 301?KHOCTI METOLY
3a JekinbKa irepamniéi. CyTreBuMm HemomikoMm Mmeroay HbioToHa € Te, 1Mo HAa KOXKHOMY
Kporii moTpibHO 064YmMC/TIOBAaTH MATPHUIio ZK06i, Mo camMo cobOI0 € CKIATHOI 3aJa4er0.
st Bupimenss i€l npobjemMu MOXKHA CKOPHUCTATHCH PI3HUIEBAM BAapPiaHTOM METOLY
Hrrorona.

Mu po3rassHeMO MeTOos, Ha TijcTaBi pizaumeBoro meroay HroTona Ta MeTomy mpocToi
irepanii [3] ayist pO3B’A3yBaHHS CHCTEM HEJIHIHUX DIBHSHB.
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2. DOPMYJIFOBAHHSA 3AAYI

Hexait 3amane veminiiine OyHKIIOHATBHE DIBHSIHHS

ne P(x) oneparop, sxuit gie 3 6anaxosoro npocropy X y Ganaxis mpoctip Y.
IMonamo piusiHEA (1) y BHDIAI

P(r) =z —¢(x) =0 (2)
i OymeMo pO3TiIsiIaTh JIMINE BUMAI0K, KOJIUM BUKOHYETHCS yMOBA
sup ||¢ ()| = K < 1. (3)

Kuacuunum meronom s poss’ssysanns (1) e meron Hpiorona. VY Bumauaky, kosiu
BUKOHYETCsI yMOBa (3), MOXKHA BUKOPUCTOBYBATH METOJ IPOCTOi irepamil. OmHaK BUKO-
PUCTAHHS TAKOTO METOY MPUBOAUTH JI0 3HAYHOI KiJIBKOCTI OOYHMCIIEHB, OCKIIbKU 3012K-
HicTH MeTomy miHiiiHa. Mwu posragmaruMemo nedky momudikario meroxy Hbioroma 3
YpaxyBaHHSM IIi€l yMOBH.

st po3B’si3yBanus piBusHHs (2) posruisineMo irepauiiinuii upouec [4]
LTe41 = Tk — [P(:Ek?a QO(I‘]C))}_IP(QC]C), k= 07 17 (4)

ne P(z,y) — mozinena pisunns oneparopa P(x) 3a Toukamu  ta y [5]. dusa noBenenHs
306i7KHOCTI y3araabHEHOr0 METOLY MU CIPOCTHJIN YMOBH, IKi HAKJIAJAIOTHCSA HA OEPATOD

P(z).
3. OBI'PYHTYBAHHS 3BI2KHOCTI

Teopema 1. Hexait BHKOHYIOTHCS YMOBH.

1. Jls mog9aTKoBOro HabMmKeHHs T icHye oneparop o = [P(zg, ¢(20))] ™, npraomy
[Toll < Bo.

2. [P (o)l < mo-
3. s x,y,z € Qo ={z: ||Jx — x0|| < 2Bono} Buronyerscs ||P(x,y,z)|| < M.
4. ho = Bo(1 + Bo)Mmng < 1.

Toxi piBusaus (2) mae B obmacti g pO3B’A30K Ty, 1 moCaigoBHICTD {x,} mpu n > 0
36Ira€ThCsA JJO HHOTO Ta CIPABIXKYETHCS OIIHKA

= 2|l < (1= o)™ "CF" " Bomo ()

ho
—
(1= hg)
Josedenna. JJoBenenHs mpoBeneMo 3a cxemoro Kanroposuua [2].
1. TlepeBiprMO BUKOHAHHS YMOB [IJisT TOUYKH 1. PO3IVISTHEMO TOTOXKHICTH

e Cy = hy = B3M (1 + K)np.

Iy = [P(z1,¢(21))] " = {I = ToP((z0, ¢(x0)) — P(x1, (1))} To.
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Temnep

| P(z0, p(20)) — P(x1, p(21))|| =
= [|[P(z0, ¢(20)) — P(21, (20)) + P(z1,0(20)) — P21, 0(21))| =
= [[P(z0, p(20), 21)(z0 — z1) + P(x1, 9(z0), p(21)) (p(20) — (1)) <
< M(K +1) ||lzg — x1]] < MBo(K + 1)no.

Toni 3a Teopemoro Bamaxa icuye obepuenuit ormeparop 'y i cpaBmKyeThes OIiHKA

By By

I < < =
Il = l—MBg(K—Fl)nO = (hy)

= B;.

2. 3 roroxnocti P(x1) = P(x1) — P(xo) — P(xo, ¢(x0))(x1 — 2¢) orpuMaemo

| P(x1)]| = | P(z1,70) — P(x0, ¢(x0))|| - |21 — 2ol| =
= [P (w0, p(w0), z1)(z1 — @(0))|| [[21 — w0 <
< M ||z — mol| w1 — 2o + 20 — @(x0)|| < M(Bo 4 1)Bong = hono = 1.

3. Iz Toro, mo = € Oy = {x : || — x1|| < 2Bym}, Bummsae, mo x € Qy. Cupasi,

B
Oh hono + Bono < 2Bgno.

’
0

lz — 2ol < [lo — 21| + |lz1 — 20| < 2B1my + Bono = 21

Bezmnocepeaubo miIcCTAHOBKOIO OTPUMAEMO

B B
hi = MBy(14 Bi)mg < M—2(14+ —2)hony <
1—hy " 1—hy
MBy(1+ By) h%
— " hony < —— < Cyhy.
= (1 — h0)2 0Mo > (1 _ h0)2 070
hi Cohé) 2
4:. C = 7 = 7 S -
Pa=h? T (—hg2 0
B . ,
5. ||zg —z1]| < By ||[P(x1)]| = a—m) Oh/ ) ((1 = hyg))*Cono = Bo(1 — hg)Como.
— 10

BukopucToByoun MeTO[ METaMATUYHOI iHAYKIII, TPUITYCTHMO, IO YMOBH TEOPEMHU
BUKOHYIOTHCSI JIJI OBIIBHOI TOUKY Xf Tipu k = 2,3, ... a came:
_ -1 —
1) Tkl = [Py, o(aw) | =

B HI —Th1 {P(z1, e(wx-1)) — Plaw, o(xx)} F’“*IH

< Dt o Do
(1 =hy_y) = (1= hg)

k ’
2) [|P(z)|| < M(Bi—1 + 1)Be_1np_y < CF ~H(1 — ho)**no = s
k
3) hy, = Bi(1 + BpMny) = C3 ~'hy;
Ry, 2 1h,

4) Cy = 7 = 0 7 < C2 5

VO = e = amye =

k ’

5) [|zks1 — @kl < Brmw = BoCg ~H (1 = hg)*no.
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3 mepiBHOCTI

k+p—1 k+p—1 )
loksp =2kl < D o — 2l < Y BoCg M1 —ho)'mo =
i=k i=k
k+p—1

= Bono(1 _ho 2’“ 1 Z Cz’ 2k 1_%)1‘71@ <

1

< Bono(1 — h)*C3 _1W
- — o 0

BUIIUBAE 301KHICTD {T) } 10 .. AHamoriuno orpumaemo limy oo [|[P(xk)|| = || P(z)|| =
0. To6To, . € po3s’si3koM pisastHHA (1). Takoxk mpu k — 00 OIEPKAMO

’ k
2 — @]| < Bomo(1 — ho)*~1Cg

Temnep mosememo, 1o xy € g. Crnpasi,
[k — zol| < Z [@ip1 — 2] < Z 021 (1= ho)?mo =

= Bono Z ct (1- hé))l < 2Bgynp.

4. ATIPOBAIISA METO/IY

TecryBamHs MeTOIy TPOBEIEHO HA ABOX mpukaagax. Li mpukmamun mu mobymyBan,
o6 BUKOHYBaJacs ymosa (3).

Ilpukaan 1.
10 10
Poi 1 = Lo 1 — —gi R )
i1 = T2i—1 218271(%2@ 1) 21008(3021),
10 10 ™
Po: — os 4+ —gi . - A
i = T2 + 218m(x21 1)+ 21608(3221) 5
i=1,...,n/2
T
= ( ,2)
o = (0,0)
Ilpukmaam 2.

Py 1 = 2;331-71 — 2$§¢ +1—4x9;_1,

Py, = —4x :z:%i_l — 4x§i + 8x9; +4 — 1224,
i=1,..,n/2.

x* &~ (—0.0123675;0.72449194).

xo = (0,0).
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Tabauys 1
IIpukman 1
n | merox (6) | merox (7)
H K H K
4 8 58 5 31
16 | 8 | 152 | 5 91
52 | 8 | 440 | 5 | 271
100 | 8 | 84 | 5 | 511
Tabauus 2
IIpukmams 2
n | merox (6) | merox (7)
H K H K
4 6 44 4 25
16 | 6 | 116 | 4 73
52 | 6 | 332 | 4 | 217
100 | 6 | 620 | 5 | 511

Bci o6uncien st MpOBOIIN 10 BUKOHAHHAS YMOBH |71 — || < 1078, ¥V Tabmmmax
HaBesieHo KijbKicTs itepaniii (H) i xinbkicrts o6uuciens(K) sexkrop-dyukuii F'; 3arpa-
YeHHUX /18 OTPAMAaHHA HAOJUKEHHS 10 PO3B 3Ky 3aJad i3 3aJaHOI0 TOYHICTIO.

Ilozask y 6iabmIoCTi BUMTAIKIB JOCUTH BAXKKO IIiIiOpaTh BIAJE MOIATKOBE HAOINKEH-
HsI, TOMY BUKOPHCTOBYIOTH femrdopannii MHOXKHWK [1]. OTiKe, ocTaTowHo MeTOIw, 175
SAKWX MPOBOIUIA IUCEIbHI eKCIIePUMEHTH HaOYIyTh TAKOTO BUTIIAMY:

Thy1 = Tk 7Otk[P(l‘k)]ilp(ﬂjk),k:0,1,... (6)

Tpy1 = 2 — a[P(ag, o(zp))]  P(xy), k= 0,1, ... (7)
ne ay € (0;1].

5. BUCHOBOK

PosrnamryTo pisuunesuit anagor merony Hbiorona, sikuit 70BOT OMU3BKHM J0 METOLY
Creddencena [4]. 3pobisieno reoperuuni Ta 4uciaoBi pocsijpkenns ajaropurmy (4) ra
JIOBEJIEHO HOro 3013KHICTD, y CIIPOIIEHUX YMOBAX, sKi HAKJIAIAI0THC Ha oneparop P(z)ie
B modvaTkoBiit Toumi. Ha migcraBi umc/IOBEHX pO3paxXyHKIB i MOPIBHAHHS OTPUMAHUX
pe3y/IbTaTiB IO0BEIEHO, IO PO3TJISHYTHH METO, AOMOMAra€ 3MEHIIUTH OOYUCIIIOBAJIbHI
3aTpaTu /i OTPUMAHHS PO3B A3KY.
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Mathematical modeling of complex physical processes often requires the solution of
systems of nonlinear equations. There are no universal methods for successfully solving
this problem for a wide range of tasks. Therefore, the problem of constructing new more
efficient algorithms is urgent. In this paper, we look at how to find a solution to a system of
nonlinear equations. There are many approaches to finding solutions to this system. One
of the most famous iterative methods for solving this problem is the Newton’s method.
This method starts with an initial guess 2o and stops after k updates iterations, if the
selected criterion is satisfied. The advantage of the Newton’s method is that the obtained
sequence coincides quadratically with the solution of the problem if the starting point is
close to the exact solution. However, the method has some disadvantages. One is to choose
a starting point. A good starting point can lead to a convergence of the method in several
iterations. Various methods can be found in the literature to improve the starting point. A
significant disadvantage of the Newton’s method is that every step requires the calculation
of the Jacobi matrix, which in itself is already a difficult task. To solve this problem, you
can use some variant of the Newton’s method. In this article, we propose to consider a
generalized Steffensen’s method, which is a combination of the fixed point method and the
difference method. In the proposed method, the convergence rate is not less than in the
classical method. Numerical experiments show the effectiveness of the proposed method.
We also present a method convergence theorem and prove it. In this theorem, conditions
are imposed on a function only at the starting point. Based on the numerical calculations
and the comparison of the results obtained, it is shown that the proposed method allows
reducing the computational costs for the solution.

Key words: Newton’s method, divided difference, fixed point method, Steffensen’s method.



