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Çàïðîïîíîâàíî ñõåìó ìåòîäó ñêií÷åííèõ åëåìåíòiâ äëÿ ÷èñëîâîãî àíàëiçó çàäà÷i

àäâåêöi¨-äèôóçi¨-ðåàêöi¨ íà ïiäñòàâi ãåòåðîãåííîãî ïiäõîäó ç âèêîðèñòàííÿì àëãîðèòìó

äåêîìïîçèöi¨ îáëàñòi Äiðiõëå-Íîéìàíà. Öåé àëãîðèòì ïîëÿãà¹ ó ðîçáèòòi ðîçðà-

õóíêîâî¨ îáëàñòi íà ïiäîáëàñòi áåç ïåðåòèíó òà ðîçâ'ÿçóâàííi ïiäçàäà÷ íà êîæíié ç

ïiäîáëàñòåé. Íà îäíié ïiäîáëàñòi ôîðìóëþþòü çàäà÷ó ç êðàéîâèìè óìîâàìè Äiðiõëå,

íà iíøié � ç êðàéîâèìè óìîâàìè Íîéìàíà. Ðîçâ'ÿçóþ÷è iòåðàöiéíî îòðèìàíi çàäà÷i,

çíàõîäÿòü ïîñëiäîâíîñòi ôóíêöié, ùî çáiãàþòüñÿ äî ðîçâ'ÿçêiâ âèõiäíî¨ ãåòåðîãåííî¨

çàäà÷i.

Äëÿ ðîçâ'ÿçóâàííÿ êîæíî¨ ç ïiäçàäà÷ çàñòîñîâàíî ìåòîä ñêií÷åííèõ åëåìåíòiâ.

Çà äîïîìîãîþ ðîçðîáëåíîãî ïðîãðàìíîãî çàáåçïå÷åííÿ âèêîíàíî òðèàíãóëÿöiþ ïiäîá-

ëàñòåé òà îòðèìàíî ÷èñëîâi ðåçóëüòàòè äëÿ âåëèêèõ ÷èñåë Ïåêëå. Â îäíîâèìiðíîìó

âèïàäêó çíàéäåíî àíàëiòè÷íèé ðîçâ'ÿçîê äëÿ ïîðiâíÿííÿ òà âåðèôiêàöi¨ ðåçóëüòàòiâ. Ó

äâîâèìiðíîìó âèïàäêó ââåäåíî ñïåöiàëüíi ïðîáíi ôóíêöi¨, ïîáóäîâàíi øëÿõîì äîäàâàí-

íÿ â ñòàíäàðòíi ïðîáíi ôóíêöi¨ ìåòîäó Ãàëüîðêiíà ñòàáiëiçóþ÷èõ åëåìåíòiâ. Âèáðàâøè

ïðîáíi ôóíêöi¨ ç áiëüøîþ âàãîþ íà ñòîðîíi íàáiãàþ÷îãî ïîòîêó, âäàëîñÿ äîñÿãòè

ñòiéêîñòi òà âiäñóòíîñòi íåïðèðîäíèõ îñöèëÿöié ðîçâ'ÿçêó. Âèêîíàíî âåðèôiêàöiþ

÷èñëîâèõ ðåçóëüòàòiâ çà äîïîìîãîþ ïåðåâiðêè ïîðÿäêó çáiæíîñòi ìåòîäó øëÿõîì

ïîðiâíÿííÿ ç àíàëiòè÷íèì ðîçâ'ÿçêîì ìîäåëüíî¨ çàäà÷i, à òàêîæ øëÿõîì âèêîðèñòàííÿ

ñõåìè Åéòêåíà çà âiäñóòíîñòi àíàëiòè÷íîãî ðîçâ'ÿçêó.

Ðåçóëüòàòè îá÷èñëþâàëüíèõ åêñïåðèìåíòiâ äåìîíñòðóþòü çáiæíiñòü çàñòîñîâàíîãî

ìåòîäó çà äîñèòü íåâåëèêî¨ êiëüêîñòi ñêií÷åííèõ åëåìåíòiâ, òîäi ÿê ìåòîä ñêií÷åí-

íèõ åëåìåíòiâ äà¹ çíà÷íi îñöèëÿöi¨ íàâiòü íà ãóñòié ñiòöi. Îòðèìàíi ðåçóëüòàòè

ïiäòâåðäæóþòü, ùî àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi áëèçüêèé äî àïðiîðíîãî, ùî ñâiä-

÷èòü ïðî åôåêòèâíiñòü çàñòîñîâàíîãî ïiäõîäó äëÿ ÷èñëîâîãî àíàëiçó çàäà÷i àäâåêöi¨-

äèôóçi¨-ðåàêöi¨ çà âåëèêèõ çíà÷åíü ÷èñëà Ïåêëå.

Êëþ÷îâi ñëîâà: çàäà÷à àäâåêöi¨-äèôóçi¨-ðåàêöi¨, ìåòîä Äiðiõëå-Íîéìàíà, ìåòîä ñêií-

÷åííèõ åëåìåíòiâ.

1. Âñòóï

Çàäà÷à àäâåêöi¨-äèôóçi¨-ðåàêöi¨ (ÀÄÐ) � îñíîâà äëÿ ìàòåìàòè÷íîãî ìîäåëþ-
âàííÿ ïðîöåñiâ ïåðåíîñó â îäíîðiäíèõ i íåîäíîðiäíèõ ñåðåäîâèùàõ. Âîíà ìà¹
âàæëèâi çàñòîñóâàííÿ ó âèðiøåííi ïðîáëåì ìàñîïåðåíåñåííÿ ó æèâèõ òêàíèíàõ,
ïåðåáiãó õiìi÷íèõ ðåàêöié, ïîøèðåííÿ çàáðóäíåíü, ïðîãíîçóâàííÿ ïîãîäè, òà ií.
Âiäîìî [1�8], ùî ïðîöåñè ÷èñëîâîãî àíàëiçó çàäà÷i ÀÄÐ ó âèïàäêó âåëèêèõ ÷èñåë
Ïåêëå íåñòiéêi. Äëÿ ðåãóëÿðèçàöi¨ öèõ ïðîöåñiâ â îñòàííi ðîêè çàïðîïîíîâàíî
íèçêó ìåòîäiâ [1�6, 9]. Ó [7] ðîçâèíåíî ïiäõiä äî âèðiøåííÿ ïðîáëåìè ðåãóëÿðèçàöi¨
îá÷èñëþâàëüíîãî ïðîöåñó äëÿ çàäà÷i ÀÄÐ, ÿêèé áàçó¹òüñÿ íà ãåòåðîãåííié ìàòå-
ìàòè÷íié ìîäåëi òà çàñòîñóâàííi ìåòîäó Äiðiõëå-Íîéìàíà. Ó öié ïðàöi öåé ïiäõiä
ðåàëiçîâàíî ç âèêîðèñòàííÿì ìåòîäó ñêií÷åííèõ åëåìåíòiâ (ÌÑÅ), ïîáóäîâàíîãî íà
îñíîâi ìåòîäiâ Ãàëüîðêiíà òà Ïåòðîâà-Ãàëüîðêiíà.
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2. Ôîðìóëþâàííÿ çàäà÷i

Ðîçãëÿíåìî çàäà÷ó àäâåêöi¨-äèôóçi¨-ðåàêöi¨{
Au = div(−ν∇u+ bu) + b0u = f â Ω,

u = g íà ∂Ω,
(1)

äå Ω ⊂ ℜd � îáìåæåíà îáëàñòü; ν > 0 � õàðàêòåðèñòè÷íèé ïàðàìåòð; b = b(x) �
d−âèìiðíà âåêòîð-ôóíêöiÿ; b0 = b0(x), g = g(x), f = f(x) � çàäàíi ñêàëÿðíi ôóíêöi¨.

Ïîçíà÷èìî

Pe(x) =
|b(x)|
2ν

(2)

÷èñëî Ïåêëå. Íàçèâàòèìåìî çàäà÷ó (1) çàäà÷åþ ç ïåðåâàæàííÿì àäâåêöi¨ ó âèïàäêó
Pe(x) >> 1.

Ðîçãëÿíåìî îäíîâèìiðíó çàäà÷ó{
Au = −d2u

dx2 + d
dx (bu) + u = 1, 0 < x < 1,

u(0) = 0, u(1) = 0,
(3)

äå b > 0.
�¨ òî÷íèé ðîçâ'ÿçîê íàáóâà¹ âèãëÿäó

u(x) = c1e
λ1x + c2e

λ2x + 1,

äå c1 = 1−eλ2

eλ2−eλ1
, c2 = eλ1−1

eλ2−eλ1
, λ1 = b−

√
b2+4
2 , λ2 = b+

√
b2+4
2 .

Ðèñ. 1. Òî÷íèé ðîçâ'ÿçîê çàäà÷i (3)
ïðè Pe(x)=0.5

Ðèñ. 2. Òî÷íèé ðîçâ'ÿçîê çàäà÷i (3)
ïðè Pe(x)=100

Íà ðèñ. 1-2 çîáðàæåíî ãðàôiêè ðîçâ'ÿçêó äëÿ ðiçíèõ çíà÷åíü ÷èñëà Ïåêëå. Âèäíî,
ùî òiëüêè ó äðóãîìó âèïàäêó ç'ÿâëÿ¹òüñÿ êðàéîâèé øàð.

Êîëè Pe(x) >> 1, äèôóçiÿ âiäáóâà¹òüñÿ òiëüêè â íåâåëèêié ÷àñòèíi îáëàñòi,
ïîáëèçó êðàéîâîãî øàðó, òîäi ÿê íåþ ìîæíà ôîðìàëüíî çíåõòóâàòè â iíøié ÷àñòèíi,
äå ïåðåâàæà¹ àäâåêöiÿ. Òîìó iäåÿ òàêà: ðîçäiëèòè ðîçðàõóíêîâó îáëàñòü Ω íà
ïiäîáëàñòi Ω1 i Ω2 áåç ïåðåòèíó. Ïiñëÿ öüîãî ïðîöåñ ðîçâ'ÿçàííÿ çâåñòè äî äâîõ
çàäà÷ íà ïiäîáëàñòÿõ Ω1, Ω2 (ðèñ. 3) [7].
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Ðèñ. 3. Ñïðîùåíà çàäà÷à (4) íà îáëàñòi Ω


A1u1 = div(bu1) + b0u1 = f â Ω1,

A2u2 = div(−ν∇u2 + bu2) + b0u2 = f â Ω2,

Êðàéîâi óìîâè íà ∂Ω.

(4)

Âèáið ïiäîáëàñòåé Ω1 i Ω2 çàëåæèòü âiä çíà÷åííÿ ÷èñëà Ïåêëå: ÷èì âîíî áiëüøå,
òèì áiëüøîþ áóäå Ω1. Çîêðåìà, äëÿ çàäà÷i (3) ïðè Pe(x) = 0.5 (ðèñ. 1) äèôóçiÿ
âiäáóâà¹òüñÿ ìàéæå íà âñié îáëàñòi, òîìó òî÷êó x0, ÿêà ðîçáèâà¹ îáëàñòü Ω íà
ïiäîáëàñòi Ω1 i Ω2, âàðòî îáðàòè áëèçüêîþ äî 0, ùîá óíèêíóòè âåëèêèõ ïîõèáîê.
Ó âèïàäêó Pe(x) = 100 (ðèñ. 2) íà áiëüøié ÷àñòèíi îáëàñòi ïåðåâàæà¹ àäâåêöiÿ, òîìó
îïòèìàëüíèì áóäå âèáið òî÷êè x0 áëèçüêî äî ïðàâîãî êðàþ, íàïðèêëàä, x0 = 0.9.

3. Ìåòîä äåêîìïîçèöi¨ îáëàñòi Äiðiõëå-Íîéìàíà

Çãiäíî ç ìåòîäîì Äiðiõëå-Íîéìàíà [7] ïðîöåñ ðîçâ'ÿçàííÿ çàäà÷ (4) çâîäèòüñÿ äî
iòåðàöiéíîãî.

Íåõàé çàäàíî λ(0), k ≥ 0.
A1u

(k+1)
1 = f â Ω1,

u
(k+1)
1 = g íà (∂Ω1\Γ)in ,
u
(k+1)
1 = λ(k) íà Γin,

(5)


A2u

(k+1)
2 = f â Ω2,

u
(k+1)
2 = g ía ∂Ω2\Γ,

−ν ∂u
(k+1)
2

∂nΓ
+ b · nΓu(k+1)

2 = b · nΓu(k+1)
1 ía Γ,

(6)

λ(k+1) = (1− ϑ)λ(k) + ϑu
(k+1)
2

∣∣∣
Γ
,

äå ϑ > 0 � ïàðàìåòð ðåëàêñàöi¨, nΓ � âåêòîð íîðìàëi, íàïðÿìëåíèé ç Ω1 â Ω2,
Γin = {x ∈ Γ : b(x) · nΓ(x) < 0} � ãðàíèöÿ, ÷åðåç ÿêó âiäáóâà¹òüñÿ ïåðåíåñåííÿ
ñóáñòàíöi¨ ç Ω2 â Ω1 (ðèñ. 3).

Çáiæíiñòü ìåòîäó Äiðiõëå-Íîéìàíà çàáåçïå÷ó¹òüñÿ òàêîþ òåîðåìîþ [7]

Òåîðåìà 1. Íåõàé çàäàíî λ(0) i ∃δ : ϑ ∈ (0.1 + δ). Òîäi ïîñëiäîâíîñòi
(
u
(k)
1 , u

(k)
2

)
çáiãàþòüñÿ äî ïàðè (u1, u2) òàê:
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u
(k)
1 → u1 â L2 (Ω1) , u

(k)
2 → u2 â H1 (Ω2) .

Ïàðà (u1, u2) âèçíà÷à¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5)-(6).
Çà êðèòåðié çóïèíêè iòåðàöiéíîãî ïðîöåñó âèêîðèñòàíî òàêi íåðiâíîñòi:{

∥u(k)1 − u
(k−1)
1 ∥ < ε,

∥u(k)2 − u
(k−1)
2 ∥ < ε,

äå ε � äîñòàòíüî ìàëå äîäàòíå ÷èñëî.

4. Çàñòîñóâàííÿ ìåòîäó ñêií÷åííèõ åëåìåíòiâ

Çàïèøåìî çàäà÷ó (4) ó âèãëÿäi


A1u1 = div (bu1) + b0u1 = f â Ω1,

A2u2 = div (−ν∇u2 + bu2) + b0u2 = f â Ω2,

u1 = g ía ∂Ω1\Γ,
u2 = g ía ∂Ω2\Γ,

(7)

(8)

(9)

(10)

äå Ω̄1 ∪ Ω̄2 = Ω̄ ⊂ R2, Ω1 ∩ Ω2 = ∅,Γ = ∂Ω1 ∩ ∂Ω2.
Ïîòðiáíî çíàéòè òàêi u1 ∈ Ω1 i u2 ∈ Ω2, ùî çàäîâîëüíÿþòü ðiâíÿííÿ (7)-(8),

êðàéîâi óìîâè (9)-(10) òà çáiãàþòüñÿ íà ìåæi Γ ïiäîáëàñòåé Ω1 i Ω2.
Çàäàìî óìîâè ñïðÿæåííÿ ôóíêöié u1 i u2

b · nΓu1 + ν
∂u2
∂nΓ

− b · nΓu2 = 0 íà Γ, (11)

u1 = u2 íà Γ. (12)

Çàñòîñóâàííÿ ìåòîäó Äiðiõëå-Íîéìàíà äî çàäà÷i (7)-(12) ïðèâîäèòü äî iòåðàöié-
íîãî ïðîöåñó (5)-(6). Çàäà¹ìî λ(0), ðîçâ'ÿçó¹ìî 2 êðàéîâi çàäà÷i. Òîäi íà ïiäñòàâi
îòðèìàíèõ ðåçóëüòàòiâ îá÷èñëþ¹ìî íàñòóïíå çíà÷åííÿ λ(1). Ðîçâ'ÿçîê íà êîæíié ç
ïiäîáëàñòåé Ω1 i Ω2 øóêàòèìåìî çà äîïîìîãîþ ìåòîäó ñêií÷åííèõ åëåìåíòiâ.

Çàñòîñó¹ìî êëàñè÷íèé ÌÑÅ äî çàäà÷i (6). Âèêîðèñòà¹ìî òàêèé àëãîðèòì òðèàí-
ãóëÿöi¨. Îáëàñòü ðîçáèâàþòü íà òðèêóòíi ñêií÷åííi åëåìåíòè Ωe (ðèñ. 4). Âèáèðàþòü
òî÷êè òðèàíãóëÿöi¨. Äëÿ êîæíî¨ ç íèõ áóäóþòü ïðÿìîêóòíèê çà ïðèíöèïîì ¾âïðàâî
i ââåðõ¿. ßêùî âñi òî÷êè ïðÿìîêóòíèêà íàëåæàòü îáëàñòi, òî ðîçáèâàþòü éîãî íà
2 òðèêóòíèêè. ßêùî îäíà ç òî÷îê íå íàëåæèòü îáëàñòi, òî áóäóþòü òðèêóòíèê
ïî iíøèõ òðüîõ. ßêùî äâi àáî òðè òî÷êè ïðÿìîêóòíèêà íå íàëåæàòü îáëàñòi, òî
òðèêóòíèê íå áóäóþòü.

Ïîçíà÷èìî ëiòåðàìè i, j,m âåðøèíè òðèêóòíèêà ç âiäïîâiäíèìè êîîðäèíàòàìè:
xi1, x

i
2, x

j
1, x

j
2, x

m
1 , x

m
2 , ëiòåðîþ p � áiæó÷ó âíóòðiøíþ òî÷êó òðèêóòíèêà ç êîîðäèíà-

òàìè x1, x2.
Íà òðèêóòíèêó Ωe ïîáóäó¹ìî ôóíêöi¨ φ(e)

k (x1, x2), k = i, j,m, çà ôîðìóëîþ

φ
(e)
i (x1, x2) =

Spjm

Sijm
,

äå Spjm, Sijm � ïëîùi òðèêóòíèêiâ pjm òà ijm.

Ëåãêî áà÷èòè, ùî φ(e)
i (x

(i)
1 , x

(i)
2 ) = 1 i φ(e)

i (x1, x2) = 0 íà ëiíi¨ jm.
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Ðèñ. 4. Òðèàíãóëÿöiÿ

Âèêîðèñòîâóþ÷è iäå¨, âèêëàäåíi â [5], íà îá'¹äíàííi òðèêóòíèõ åëåìåíòiâ Ωe

ïîáóäó¹ìî òàêi êóñêîâî-ëiíiéíi áàçèñíi ôóíêöi¨:

φh
i (x1, x2) =

{
φ
(e)
i , i ∈ Ωe,

0, i /∈ Ωe.
(13)

Äîìíîæèìî ïî÷àòêîâå ðiâíÿííÿ (8) íà ôóíêöiþ υ, ùî çàäîâîëüíÿ¹ ãðàíè÷íó
óìîâó, i çiíòåãðó¹ìî îòðèìàíå ðiâíÿííÿ ïî îáëàñòi Ω2∫

Ω2
div(−ν∇u2υ + bu2υ)dΩ2 +

∫
Ω2
b0u2υdΩ2 =

∫
Ω2
fυdΩ2.

Íàáëèæåíèé ðîçâ'ÿçîê íà ñêií÷åííîìó åëåìåíòi ïîäàìî ó âèãëÿäi

ue = Ne(x1, x2)qe.

Òóò Ne = (φ
(e)
i , φ

(e)
j , φ

(e)
m ); qe = (uhi , u

h
j , u

h
m); uhi , u

h
j , u

h
m � çíà÷åííÿ àïðîêñèìóþ÷î¨

ôóíêöi¨ ó âåðøèíàõ òðèêóòíèêà.
Âðàõîâóþ÷è (13), îòðèìà¹ìî

ue = uhi φ
(e)
i + uhjφ

(e)
j + uhmφ

(e)
m .

Çà ïðîáíi ôóíêöi¨ υ îáèðà¹ìî ôóíêöi¨ Ne.
Ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îòðèìà¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü [5] äëÿ çíà-

õîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó uh çàäà÷i (6).
Îäíàê çàñòîñóâàííÿ ìåòîäó Ãàëüîðêiíà äî çàäà÷i (5) ïðèçâîäèòü äî çíà÷íèõ

îñöèëÿöié (ðèñ. 5).
Òîìó ñêîðèñòà¹ìîñü ìåòîäîì Ïåòðîâà-Ãàëüîðêiíà ç âèêîðèñòàííÿì ìîäèôiêîâà-

íèõ ïðîáíèõ ôóíêöié. Öÿ ïðîöåäóðà ïîëÿãà¹ â íåîáõiäíîñòi äîäàâàííÿ ó ñòàíäàðòíi
âàãîâi ôóíêöi¨ ìåòîäó Ãàëüîðêiíà ñòàáiëiçóþ÷èõ åëåìåíòiâ. Âèáðàâøè âàãîâó ôóíê-
öiþ ç áiëüøîþ âàãîþ íà ñòîðîíi íàáiãàþ÷îãî ïîòîêó, ìîæíà äîñÿãòè ñòiéêîñòi òà
âiäñóòíîñòi íåïðèðîäíèõ îñöèëÿöié.

Ââåäåìî ïðîáíó ôóíêöiþ

ψi (x1, x2) = φi (x1, x2)− αγ (x1, x2) ,
γ (x1, x2) = wnφi (x1, x2)φj (x1, x2)φm (x1, x2) ,

(14)

äå φi, φj , φm � êóñêîâî-ëiíiéíi áàçèñíi ôóíêöi¨ ÌÑÅ; wn � íîðìàëüíà ñêëàäîâà
âåêòîðà øâèäêîñòi; α � ïàðàìåòð, ÿêèé äà¹ çìîãó êîíòðîëþâàòè âïëèâ äîïîìiæíî¨
ôóíêöi¨ γ (x1, x2).
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Ðèñ. 5. Çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i (5) ìåòîäîì ñêií÷åííèõ åëåìåíòiâ

Íà ðèñ. 6-8 ïîäàíî çîáðàæåííÿ áàçèñíî¨ ôóíêöi¨ φi (x1, x2) òà ïðîáíî¨ ôóíêöi¨
ψi (x1, x2) çàëåæíî âiä íàïðÿìó âåêòîðà øâèäêîñòi.

Ðèñ. 6. Áàçèñíà ôóíêöiÿ φi (x1, x2)

5. ×èñëîâi ïðèêëàäè

Íåõàé Ω = [0, 1] × [0, 2], f = 1, b0 = 1, b = [100, 0], v = 1, g = 0, ϑ = 0.7, α = 0.45.
Ïðè ε = 10−6 çáiæíiñòü ìåòîäó äîñÿãà¹òüñÿ çà 17 iòåðàöié. Iëþñòðàöiÿ ðîçâ'ÿçêó
ïîäàíà íà ðèñ. 9. Âèäíî, ùî ïåðåíåñåííÿ âiäáóâà¹òüñÿ òiëüêè â íàïðÿìi îñi x, òîäi ÿê
â íàïðÿìi îñi y ôóíêöiÿ çàëèøà¹òüñÿ íåçìiííîþ. Âiäñóòíiñòü îñöèëÿöié ñâiä÷èòü ïðî
òå, ùî çàñòîñóâàííÿ îáðàíèõ ïðîáíèõ ôóíêöié ïðèâîäèòü äî î÷iêóâàíèõ ðåçóëüòàòiâ.

Íåõàé Ω = [0, 1] × [0, 2], f = 1, b0 = 1, b = [100, 100], v = 1, g = 0, ϑ = 0.7, α = 0.01.
Ïðè ε = 10−6 çáiæíiñòü ìåòîäó äîñÿãà¹òüñÿ çà 22 iòåðàöi¨. Iëþñòðàöiÿ ðîçâ'ÿçêó
ïîäàíà íà ðèñ. 10. Ó öüîìó âèïàäêó ïåðåíåñåííÿ âiäáóâà¹òüñÿ â îáîõ íàïðÿìàõ.

Ç íàâåäåíèõ ðèñóíêiâ 9, 10 ìîæíà çðîáèòè âèñíîâîê, ùî îòðèìàíi ðîçâ'ÿçêè ¹
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Ðèñ. 7. Ïðîáíà ôóíêöiÿ ψi (x1, x2) Ðèñ. 8. Ïðîáíà ôóíêöiÿ ψi (x1, x2)

Ðèñ. 9. Iëþñòðàöiÿ ðîçâ'ÿçêó ç âèêîðèñòàííÿì 1024 ñêií÷åííèõ åëåìåíòiâ

ñòiéêèìè, à ¨õíÿ ïîâåäiíêà âiäïîâiäà¹ ïðèðîäíîìó ïðîöåñó. Îòæå, çàñòîñóâàííÿ
ìåòîäó Äiðiõëå-Íîéìàíà ç âèêîðèñòàííÿì ìîäèôiêîâàíèõ ïðîáíèõ ôóíêöié äî ñôîð-
ìóëüîâàíî¨ çàäà÷i åôåêòèâíå.

Äëÿ ïîäàëüøî¨ âåðèôiêàöi¨ ðîçâ'ÿçêó íà äâîõ ïðîòèëåæíèõ ãðàíèöÿõ îáëàñòi
çàäàþòü îäíîðiäíó óìîâó Íîéìàíà, à íà äâîõ iíøèõ � îäíîðiäíó óìîâó Äiðiõëå.
Ðîçâ'ÿçîê ìàòèìå âèãëÿä öèëiíäðà, òîáòî íà êîæíié ç ïðÿìèõ x2 = a, äå a ∈ [0, 2],
âií áóäå îäíàêîâèì. Òîìó ÿêùî çàôiêñóâàòè êîîðäèíàòó x2, òî îòðèìà¹ìî àíàëîã
îäíîâèìiðíîãî âèïàäêó, ÿêèé ìîæíà ïîðiâíÿòè ç àíàëiòè÷íèì ðîçâ'ÿçêîì (ðèñ. 11-
12) çàäà÷i (3).

Ç íàâåäåíèõ ðèñóíêiâ 11, 12 âèäíî, ùî ðîçâ'ÿçêè ïîäiáíi.
Ïðîâåäåìî âåðèôiêàöiþ îòðèìàíèõ ðåçóëüòàòiâ äëÿ öüîãî âèïàäêó, êîëè âiäîìèé

òî÷íèé ðîçâ'ÿçîê, çà ïîðÿäêîì çáiæíîñòi [8]. Âèêîðèñòà¹ìî âiäîìèé ðåçóëüòàò [9],
ùî ïîðÿäîê çáiæíîñòi â íîðìi ïðîñòîðó L2 ñòàíîâèòü 2, à â íîðìi ïðîñòîðó
W

(1)
2 � 1.



Ñïîäàð I., Ñàâóëàß.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2020. Âèï. 28 69

Ðèñ. 10. Iëþñòðàöiÿ ðîçâ'ÿçêó ç âèêîðèñòàííÿì 1024 ñêií÷åííèõ åëåìåíòiâ

Ðèñ. 11. Ðîçâ'ÿçîê íà ôiêñîâàíié ïðÿìié
ç âèêîðèñòàííÿì 1024 ñêií÷åííèõ åëå-

ìåíòiâ, b = [100, 0]

Ðèñ. 12. Àíàëiòè÷íèé ðîçâ'ÿçîê â îäíî-
âèìiðíîìó âèïàäêó

Ïðèïóñòèìî, ùî ìåòîä ìà¹ p-é ïîðÿäîê çáiæíîñòi

∥u− uh∥L2
= Chp∥u∥

W
(2)
2
.

Çíàéäåìî íàáëèæåíi ðîçâ'ÿçêè äëÿ ðîçáèòòÿ h1 òà h2, âiäïîâiäíî, uh1
òà uh2

.
Ïîçíà÷èìî

e1 = ∥u− uh1
∥L2

= Chp1∥u∥W (2)
2
,

e2 = ∥u− uh2
∥L2

= Chp2∥u∥W (2)
2
.

Òîäi çà òàêîþ ôîðìóëîþ ìîæíà âèçíà÷èòè åêñïåðèìåíòàëüíèé ïîðÿäîê çáiæíîñ-
òi:

p =
ln (e1)− ln (e2)
ln (h1)− ln (h2)

.
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Äëÿ ∥u− uh∥L2
=> p ≈ 2, ∥u− uh∥W (1)

2
=> p ≈ 1.

ßêùî òî÷íèé ðîçâ'ÿçîê íåâiäîìèé � çàñòîñîâó¹ìî ñõåìó Åéòêåíà [8]. Äëÿ öüîãî
ïîòðiáíî îá÷èñëèòè ðîçâ'ÿçîê íà òðüîõ ðîçáèòòÿõ h1, h2, h3 ç êðîêîì h, qh, q2h,
âiäïîâiäíî. Ïîòiì çà òàêîþ ôîðìóëîþ çíàõîäèìî ïîðÿäîê çáiæíîñòi:

p = 1
ln(q) ln

(
∥uh3∥−∥uh2∥
∥uh2∥−∥uh1∥

)
,

äå q = hi

hi−1
, i = 2, 3;uhj

� íàáëèæåíèé ðîçâ'ÿçîê íà ñiòöi hj , j = 1, 2, 3.

Òàáëèöÿ 1

Ïîðÿäîê çáiæíîñòi ïîðiâíÿíî ç àíàëiòè÷íèì ðîçâ'ÿçêîì

L2 W
(1)
2

Àïðiîðíèé ïîðÿäîê çáiæíîñòi 2 1
Àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi, N = 512 1.951 0.934
Àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi, N = 1024 1.982 0.950

Òàáëèöÿ 2

Ïîðÿäîê çáiæíîñòi çà ñõåìîþ Åéòêåíà

L2 W
(1)
2

Àïðiîðíèé ïîðÿäîê çáiæíîñòi 2 1
Àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi, N = 512 1.975 0.942
Àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi, N = 1024 1.989 0.992

Îòðèìàíèé åêñïåðèìåíòàëüíèé ïîðÿäîê çáiæíîñòi íàâåäåíî â òàáë. 1, 2. Òóò N �
êiëüêiñòü ñêií÷åííèõ åëåìåíòiâ íà íàéäðiáíiøié ñiòöi.

ßê âèäíî ç òàáë. 1, 2, ïîðÿäîê çáiæíîñòi ó ïðîñòîði L2 çáiãà¹òüñÿ ç àïðiîðíèì,
òîáòî áëèçüêèé äî 2. Àíàëîãi÷íèé âèñíîâîê ìîæíà çðîáèòè i ùîäî ïðîñòîðó
Ñîáîë¹âà, äå ïîðÿäîê çáiæíîñòi áëèçüêèé äî àïðiîðíîãî çíà÷åííÿ 1. Â îáîõ âèïàäêàõ
àïîñòåðiîðíèé ïîðÿäîê çáiæíîñòi ñòà¹ áëèæ÷èì äî àïðiîðíîãî çi çáiëüøåííÿì êiëü-
êîñòi ñêií÷åííèõ åëåìåíòiâ.

6. Âèñíîâêè

Ðåçóëüòàòè îá÷èñëþâàëüíèõ åêñïåðèìåíòiâ äåìîíñòðóþòü åôåêòèâíiñòü ïiäõîäó,
çàñíîâàíîãî íà ãåòåðîãåííié ìîäåëi i ìåòîäi Äiðiõëå-Íîéìàíà, äëÿ ÷èñëîâîãî àíàëiçó
çàäà÷i ÀÄÐ çà âåëèêèõ çíà÷åíü ÷èñåë Ïåêëå. Çàäîâiëüíà ÿêiñòü ÷èñëîâèõ ðåçóëü-
òàòiâ îòðèìó¹òüñÿ çà äîñèòü íåãóñòèõ ñiòîê ÌÑÅ. Âåðèôiêàöiÿ îòðèìàíèõ ÷èñëîâèõ
ðîçâ'ÿçêiâ ïiäòâåðäæó¹ î÷iêóâàíèé òåîðåòè÷íèé ïîðÿäîê çáiæíîñòi ÌÑÅ.
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The scheme of the �nite element method is proposed for numerical analysis of

the advection-di�usion-reaction problem based on a heterogeneous approach using the

Dirichlet-Neumann domain decomposition algorithm. This algorithm consists in dividing

the computational domain into subdomains without intersection and solving subproblems

on each of them. A problem with Dirichlet boundary conditions is formulated in one sub-

domain, with Neumann boundary conditions � in another subdomain. The sequences of

functions that coincide to the solutions of the original heterogeneous problem can be found

by solving iteratively the obtained problems.

The �nite element method is used to solve each of the subproblems. Triangulation of

subdomains is performed and numerical results are obtained for large Peclet numbers using

the developed software. An analytical solution is found to compare and verify the results

in the one-dimensional case. The special test functions that were constructed by adding
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stabilizing elements to the standard test functions of the Galerkin method are introduced

in the two-dimensional case. Stability and absence of unnatural oscillations of the solution

are achieved by choosing the test functions with bigger weight on the side of the incident

�ow. The numerical results are veri�ed by checking the order of convergence of the method

by comparing it with the analytical solution of the model problem, as well as by using the

Aitken scheme if there is no analytical solution.

The results of computational experiments show the convergence of the method used

with a su�ciently small number of �nite elements, while the �nite element method gives

signi�cant oscillations even on a �ne grid. The obtained results demonstrate that a pos-

teriori order of convergence is close to a priori one, which con�rms e�ectiveness of the

applied approach for numerical analysis of the advection-di�usion-reaction problem with

large Peclet numbers.

Key words: advection-di�usion-reaction problem, Dirichlet-Neumann algorithm, �nite ele-

ment method.


