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Áiëüøiñòü ïðèêëàäíèõ çàäà÷ çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ ñèñòåì àëãåáðè÷íèõ
ðiâíÿíü. Òîìó âàæêî ïåðåîöiíèòè ðîëü ìåòîäiâ çíàõîäæåííÿ ðîçâ'ÿçêó òàêèõ ñèñòåì
ó ïðèêëàäíié ìàòåìàòèöi. Ó ïðàöÿõ ÁîäíàðÄ. I. áóëà íàâåäåíà íîâà iòåðàöiéíà ñõåìà
ðîçâ'ÿçóâàííÿ ñèñòåì ïîëiíîìiàëüíèõ ðiâíÿíü äðóãîãî ñòåïåíÿ øëÿõîì ðîçâèíåííÿ
ðîçâ'ÿçêó â ëàíöþãîâèé ìàòðè÷íèé äðiá. Ñõîæèé ïiäõiä ìîæíà çàñòîñóâàòè i äëÿ
ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü, ÿêi âèíèêàþòü ó áàãàòüîõ òåîðåòè÷íèõ i ïðèêëàä-
íèõ äèñöèïëiíàõ. Çîêðåìà, â çàäà÷àõ îïòèìàëüíîãî êåðóâàííÿ, ñòàáiëiçàöi¨ êåðîâàíèõ
ëiíiéíèõ ñèñòåì òà ií. Ïîïðè çíà÷íèé ðîçâèòîê i øèðîêå çàñòîñóâàííÿ îðòîãîíàëüíèõ
ìåòîäiâ, ïèòàííÿ ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü íå ¹ âè÷åðïàíèì: çíàõîäæåííÿ
õî÷à á îäíîãî ç iñíóþ÷èõ ðîçâ'ÿçêiâ ìàòðè÷íîãî ðiâíÿííÿ ¹ âåëèêèì óñïiõîì. Ìè
çàïðîïîíóâàëè ñõåìó ðîçâ'ÿçóâàííÿ ìàòðè÷íîãî ïîëiíîìiàëüíîãî ðiâíÿííÿ òðåòüîãî
ñòåïåíÿ. Ïiñëÿ äåÿêèõ åëåìåíòàðíèõ ïåðåòâîðåíü ðîçâ'ÿçóâàííÿ öüîãî ìàòðè÷íîãî
ðiâíÿííÿ çâîäèòüñÿ äî çíàõîäæåííÿ ðîçâ'ÿçêó ñèñòåìè äâîõ ìàòðè÷íèõ ðiâíÿíü iç
äâîìà íåâiäîìèìè. Îòðèìàíî ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ çíàõîäæåííÿ íàáëèæå-
íèõ ðîçâ'ÿçêiâ çàäàíîãî ïîëiíîìiàëüíî-íåëiíiéíîãî ðiâíÿííÿ. Îïèñàíî àëãîðèòì ¨õíüî¨
ðåàëiçàöi¨. Íàâåäåíî äîñòàòíi óìîâè çáiæíîñòi ìåòîäó, ïðîâåäåíî ÷èñåëüíi åêñïåðèìåí-
òè, ÿêi ïiäòâåðäæóþòü åôåêòèâíiñòü çàïðîïîíîâàíî¨ ñõåìè.

Êëþ÷îâi ñëîâà: iòåðàöiéíèé ìåòîä, ïîëiíîìiàëüíi ðiâíÿííÿ, çáiæíiñòü, ëàíöþãîâi äðî-
áè.

1. Âñòóï

Ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü ¹ äóæå ñêëàäíîþ, à òîìó íå äóæå ïîïóëÿð-
íîþ çàäà÷åþ â îá÷èñëþâàëüíié ìàòåìàòèöi. Çàçâè÷àé êîæíå ðiâíÿííÿ ÷è ñèñòåìó
ìàòðè÷íèõ ðiâíÿíü äîñëiäæóþòü i ðîçâ'ÿçóþòü ó êîíêðåòíîìó âèïàäêó. Ëèø ó
1972 ðîöi àâòîðè ÁàðòåëñÐ.Õ. i ÑòþàðòÃ.Â. [1] îïèñàëè ìåòîä, ÿêèé äàâ çìîãó
àëãîðèòìiçóâàòè ðîçâ'ÿçóâàííÿ íåïåðåðâíèõ i äèñêðåòíèõ ðiâíÿíü Ñèëüâåñòðà, Ëÿ-
ïóíîâà òà Ðiêêàòi. Öåé ìåòîä áóëî âêëþ÷åíî äî ïàêåòà ïðîãðàì íà Ôîðòðàíi äëÿ
ëiíiéíèõ çàäà÷ óïðàâëiííÿ [2], âií çàïî÷àòêóâàâ ðîçðîáêó òàê çâàíèõ îðòîãîíàëüíèõ
ìåòîäiâ ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü.

Ïîïðè çíà÷íèé ðîçâèòîê i øèðîêå çàñòîñóâàííÿ îðòîãîíàëüíèõ ìåòîäiâ, ïèòàííÿ
ðîçâ'ÿçóâàííÿ ìàòðè÷íèõ ðiâíÿíü íå ¹ âè÷åðïàíèì: i ñüîãîäíi çíàõîäæåííÿ õî÷à
á îäíîãî ç iñíóþ÷èõ ðîçâ'ÿçêiâ ìàòðè÷íîãî ðiâíÿííÿ ¹ âåëèêèì óñïiõîì. Ó ñòàòòi
çàïðîïîíîâàíî ñõåìó ðîçâ'ÿçóâàííÿ ïîëiíîìiàëüíîãî ðiâíÿííÿ òðåòüîãî ñòåïåíÿ.

2. Îá÷èñëþâàëüíà ñõåìà ìåòîäó

Ó [3] ðîçãëÿäàëè ìåòîä ðîçâ'ÿçóâàííÿ ñèñòåìè ïîëiíîìiàëüíèõ ðiâíÿíü äðóãîãî
ñòåïåíÿ íàä ïîëåì äiéñíèõ ÷èñåë. Òàêèé ìåòîä ìîæíà óçàãàëüíèòè òàêîæ i íà
ñèñòåìó ìàòðè÷íèõ ðiâíÿíü.

Ðîçãëÿíåìî ñèñòåìó{
AXXX2+AY XY X+AXY XY +AY Y Y

2+AXX+AY Y +AE=0;
BXXX2+BY XY X+BXY XY +BY Y Y

2+BXX+BY Y +BE=0,



ÍåäàøêîâñüêàÀ.

ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2019. Âèï. 27 35

äå AXX , AY X , AXY , AY Y , AX , AY , AE , BXX , BY X , BXY , BY Y , BX , BY , BE , X, Y
� êâàäðàòíi ìàòðèöi ðîçìiðó p× p.

Öþ ñèñòåìó ìîæíà çàïèñàòè ïî-iíøîìó{
(AXXX+AY XY +AX)X+(AXY X+AY Y Y +AY )Y +AE=0;
(BXXX+BY XY +BX)X+(BXY X+BY Y Y +BY )Y +BE=0.

(1)

Ñèñòåìó (1) ìîæíà ïîäàòè ó ìàòðè÷íîìó âèãëÿäi(
AXXX+AY XY +AX AXY X+AY Y Y +AY

BXXX+BY XY +BX BXY X+BY Y Y +BY

)(
X
Y

)
=

(
−AE

−BE

)
. (2)

Íåõàé çàïèñ

(
A11 A12

A21 A22

)
◦X ïîçíà÷à¹ äîáóòîê

(
A11X A12X
A21X A22X

)
, òîäi ðiâíiñòü

(2) ìîæíà çàïèñàòè òàê:[(
AXX AXY

BXX BXY

)
◦X+

(
AY X AY Y

BY X BY Y

)
◦Y +

(
AX AY

BX BY

)](
X
Y

)
=

(
−AE

−BE

)
.

Òîäi äëÿ çíàõîäæåííÿ âåêòîðà
(
X Y

)T
ìîæíà çàïèñàòè òàêó ðåêóðåíòíó ôîðìóëó:(

X
Y

)
=

[(
AXX AXY

BXX BXY

)
◦X+

(
AY X AY Y

BY X BY Y

)
◦Y+

(
AX AY

BX BY

)]−1(−AE

−BE

)
. (3)

Àáî(
X
Y

)
=

{[(
AXX AXY

BXX BXY

)
,

(
AY X AY Y

BY X BY Y

)]
}
(
X
Y

)
+

(
AX AY

BX BY

)}−1(−AE

−BE

)
. (4)

Òóò çàïèñ
(
A B

)
}
(
X
Y

)
ïîçíà÷à¹ ñóìó A ◦X +B ◦ Y.

Çàñòîñó¹ìî òåïåð îïèñàíó ñõåìó äî ðîçâ'ÿçóâàííÿ ìàòðè÷íîãî ðiâíÿííÿ òðåòüîãî
ñòåïåíÿ.

Íåõàé
A3X

3 +A2X
2 +A1X +A0 = 0. (5)

Ðiâíÿííÿ (5) ìîæíà çàïèñàòè ó âèãëÿäi(
A3X

2+ (k+1)A2X −mA1

)
X − kA2X

2+ (m+1)A1X +A0 = 0, (6)

äå k òà m � äåÿêi âiäìiííi âiä íóëÿ êîíñòàíòè.
Ïîçíà÷èìî òåïåð

Y = A3X
2 + (k + 1)A2X −mA1,

òîäi (5) ìîæíà çàïèñàòè ó âèãëÿäi ñèñòåìè ìàòðè÷íèõ ðiâíÿíü{
−kA2X

2 + Y X + (m+ 1)A1X +A0 = 0;
A3X

2 + (k + 1)A2X − Y −mA1 = 0.
(7)

Äî ñèñòåìè (7) çàñòîñó¹ìî (3), òîäi äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó (5) îòðèìà¹ìî
ðåêóðåíòíó ôîðìóëó(

X
Y

)
=

[(
−kA2 0

A3 0

)
◦X+

(
E 0
0 0

)
◦ Y +

(
(m+ 1)A1 0
(k + 1)A2 −E

)]−1(−A0

mA1

)
. (8)
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3. Çáiæíiñòü ñõåìè äëÿ ìàòðè÷íîãî ðiâíÿííÿ òðåòüîãî

ñòåïåíÿ

Íåõàé

C =

(
−kA2 0

A3 0

)
, D =

(
E 0
0 0

)
, F =

(
(m+1)A1 0
(k+1)A2 −E

)
,H =

(
−A0

mA1

)
,

òîäi (8) ìîæíà çàïèñàòè ó âèãëÿäi(
X
Y

)
=

(
F + (C,D) ◦

(
X
Y

))−1

H. (9)

Íà ïiäñòàâi (9) ìîæíà çàïèñàòè ðîçâèíåííÿ ðîçâ'ÿçêó â òàêèé ìàòðè÷íèé ëàí-
öþãîâèé äðiá(

X
Y

)
=

(
F + (C,D) ◦

(
F + (C,D) ◦ (F + . . .)

−1
H
)−1

H

)
. (10)

Äðiá (10) çàïèøåìî òåïåð ó êîìïàêòíié ôîðìi Ïðiíãñãåéìà(
X
Y

)
=

H|
|F

+ (C,D) ◦ H|
|F

+ . . . =
F−1H

∣∣
|E

+ (C,D) ◦
F−1H

∣∣
|E

+ . . . (11)

Ó [4] áóëî óçàãàëüíåíî äîñòàòíþ óìîâó çáiæíîñòi Âîðïiöüêîãî. Öþ îçíàêó ìîæíà
çàñòîñóâàòè äëÿ àíàëiçó çáiæíîñòi ìàòðè÷íîãî ëàíöþãîâîãî äðîáó (11)

Òåîðåìà 1. Ìàòðè÷íèé ëàíöþãîâèé äðiá

n∑
k1=1

Ak1
|

|E
+

n∑
k2=1

Ak1k2
|

|E
+ . . .+

n∑
k1=1

Ak1k2...kl
|

|E
+ . . .

¹ àáñîëþòíî çáiæíèì, ÿêùî âèêîíó¹òüñÿ óìîâà

∥Ak1k2...ki∥ ≤ 1

4n
(i = 1, 2, 3, . . . ; ki = 1, 2, . . . , n) .

Çàñòîñó¹ìî òåîðåìó 1 äî ëàíöþãîâîãî äðîáó (11). Î÷åâèäíî, ùî ëàíöþãîâèé äðiá
(11) áóäå çáiãàòèñÿ àáñîëþòíî, ÿêùî âèêîíó¹òüñÿ óìîâà

∥∥(C,D) ◦ F−1H
∥∥ ≤ 1

4
. (12)

Ïiäñòàâëÿþ÷è çíà÷åííÿ C,D, F,H ó íåðiâíiñòü (12), îòðèìà¹ìî äîñòàòíþ óìîâó
çáiæíîñòi ìàòðè÷íîãî ëàíöþãîâîãî äðîáó (11)∥∥∥∥∥

((
−kA2 0

A3 0

)
,

(
E 0
0 0

))
◦
(
(m+ 1)A1 0
(k + 1)A2 −E

)−1( −A0

mA1

)∥∥∥∥∥ ≤ 1

4
. (13)
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4. Àëãîðèòì çíàõîäæåííÿ ðîçâ'ÿçêó

Âðàõóâàâøè ïîïåðåäíi âèêëàäåííÿ, äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ (5) íà
ïiäñòàâi (8) ìîæåìî ïîáóäóâàòè òàêèé àëãîðèòì:

1. Çàäàòè ïîõèáêó ε > 0.

2. Çàäàòè ïî÷àòêîâå íàáëèæåííÿ, íåâèðîäæåíó ìàòðèöþ X(0) ∈ Rp×p, êîíñòàíòè
k ̸= −1, m ̸= −1 òàê, ùîá âèêîíóâàëàñÿ äîñòàòíÿ óìîâà çáiæíîñòi (13).

3. Âñòàíîâèòè ëi÷èëüíèê n = 0.

4. Îá÷èñëèòè

Y (n) = A3

(
X(n)

)2

+ (k + 1)A2X
(n) −mA1.

5. Îá÷èñëèòè(
X(n+1)

Y (n+1)

)
=

[(
−kA2 0

A3 0

)
◦X(n)+

(
E 0
0 0

)
◦ Y (n)+

(
(m+1)A1 0
(k+1)A2 −E

)]−1(−A0

mA1

)
. (14)

6. Îñêiëüêè çà âèêîíàííÿ óìîâè (13) îïèñàíèé iòåðàöiéíèé ïðîöåñ ¹ çáiæíèì, òî
äîñòàòíüî ïåðåâiðèòè ïðàâèëüíiñòü íåðiâíîñòi∥∥∥X(n+1) −X(n)

∥∥∥ ≤ ε. (15)

ßêùî óìîâà (15) íå âèêîíó¹òüñÿ, òî ïîòðiáíî âñòàíîâèòè ëi÷èëüíèê n = n+ 1
i ïåðåéòè íà êðîê 4, iíàêøå ïîâåðíóòè íàáëèæåíèé ðîçâ'ÿçîê X(n+1).

5. Îá÷èñëþâàëüíi åêñïåðèìåíòè

Äëÿ ïiäòâåðäæåííÿ åôåêòèâíîñòi iòåðàöiéíîãî ïðîöåñó (14), îïèñàíó âèùå ñõåìó
ðåàëiçóâàëè ó ñåðåäîâèùi FreeMat. Íàâåäåìî ðåçóëüòàòè îá÷èñëåííÿ äëÿ âèïàäêó
òåñòîâèõ ìàòðè÷íèõ ðiâíÿíü.

Òàáëèöÿ 1

Ðîçâ'ÿçóâàííÿ ìàòðè÷íîãî ðiâíÿííÿ (16)

ε Êiëüêiñòü Íàáëèæåíèé ðîçâ'ÿçîê, Xn Íîðìà
iòåðàöié, n ïîõèáêè

0.1 13

(
−13.3126 −11.2182
14.9908 12.6425

)
0.1876

0.01 15

(
−13.3033 −11.2104
14.9819 12.6351

)
0.0246

0.001 18

(
−13.3015 −11.2089
14.9801 12.6336

)
0.0017

0.0001 22

(
−13.3016 −11.2090
14.9802 12.6337

)
0.0001

Ïðèêëàä 1. Ðîçãëÿíåìî ïîëiíîìiàëüíå ìàòðè÷íå ðiâíÿííÿ

A3X
3 +A2X

2 +A1X +A0 = 0, (16)
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äå

A3 =

(
2 1
1 2

)
, A2 =

(
−1 0
1 −1

)
, A1 =

(
0 2
2 1

)
, A0 =

(
−14 −12
−17 −14

)
.

Ïðèéìåìî k = 1,m = 1, à ïî÷àòêîâå íàáëèæåííÿ �

X0 =

(
1 0
0 1

)
.

Ðåçóëüòàòè çàñòîñóâàííÿ iòåðàöiéíèîãî ïðîöåñó (14) íàâåäåíi ó òàáë. 1.

Òàáëèöÿ 2

Ðîçâ'ÿçóâàííÿ ìàòðè÷íîãî ðiâíÿííÿ (17)

ε Êiëüêiñòü Íàáëèæåíèé ðîçâ'ÿçîê, Xn Íîðìà
iòåðàöié, n ïîõèáêè

0.1 31

 −0.1388 0.8741 0.3325
0.7509 −0.1798 0.9178
0.4568 0.2874 −0.3356

 0.2620

0.01 47

 −0.1514 0.8839 0.3359
0.7535 −0.1945 0.9412
0.4680 0.2923 −0.3642

 0.0257

0.001 63

 −0.1500 0.8821 0.3368
0.7535 −0.1931 0.9384
0.4664 0.2927 −0.3622

 0.0039

0.0001 83

 −0.1501 0.8823 0.3366
0.7535 −0.1932 0.9387
0.4666 0.2925 −0.3622

 0.0004

Ïðèêëàä 2. Íåõàé ìà¹ìî ïîëiíîìiàëüíå ìàòðè÷íå ðiâíÿííÿ

A3X
3 +A2X

2 +A1X +A0 = 0, (17)

äå

A3 =

 2 1 1
1 2 1
1 1 2

, A2 =

 3 −2 1
−2 3 1
1 1 −4

,

A1 =

 1 2 3
3 2 1
2 1 2

, A0 =

 −6 −1 −5
−2 −7 −3
−4 −3 0

.

Ïðèéìåìî k = 1,m = 1, à ïî÷àòêîâå íàáëèæåííÿ �

X0 =

 1 0 0
0 1 0
0 0 1

 .

Ðåçóëüòàòè çàñòîñóâàííÿ iòåðàöiéíîãî ïðîöåñó (14) ïîäàíi ó òàáë. 2.
Ðåçóëüòàòè íàâåäåíi ó òàáëèöÿõ 1 òà 2 ñâiä÷àòü ïðî çáiæíiñòü iòåðàöiéíîãî

ïðîöåñó òà ïðî åôåêòèâíiñòü çàïðîïîíîâàíî¨ ñõåìè.
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6. Âèñíîâêè

Ðîçãëÿíóòî ïîëiíîìiàëüíå ìàòðè÷íå ðiâíÿííÿ òðåòüîãî ñòåïåíÿ. Çàïðîïîíîâàíî
íîâó ñõåìó ðîçâ'ÿçóâàííÿ òàêèõ ðiâíÿíü, îòðèìàíî ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ
çíàõîäæåííÿ ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ. Íàâåäåíî äîñòàòíi óìîâè çáiæíîñòi ìàò-
ðè÷íèõ ëàíöþãîâèõ äðîáiâ, ÿêi âèêîðèñòîâóþòü â îá÷èñëþâàëüíié ñõåìi. Ïðîâåäåíî
÷èñåëüíi åêñïåðèìåíòè, ÿêi ïiäòâåðäæóþòü åôåêòèâíiñòü çàïðîïîíîâàíî¨ ñõåìè.
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Most applications reduced to solving systems of algebraic equations. Therefore, it is
di�cult to overestimate the role of methods for �nding solutions for such systems in applied
mathematics. The work of BodnarD. I. examines a new iterative scheme for solving systems
of second-degree polynomial equations by developing a solution in a chain matrix fraction.
A similar approach applied in solving matrix equations that arose in many theoretical and
applied disciplines. In particular, in problems of optimal control, stabilization of controlled
linear systems and other. Despite the considerable development and widespread use of
orthogonal methods, the problem of solving matrix equations is not comprehensive: �nding
at least one of the existing solutions of the matrix equation is a great success. This research
proposes a scheme for solving a third-degree matrix polynomial equation. After some
elementary transformations, the solution of this matrix equation reduced to the solution
of a system of two matrix equations with two unknowns. Recurrence relations obtained
to �nd approximate solutions of a given polynomial-nonlinear equation. The algorithm of
their realization described. The paper presents su�cient conditions for the convergence of
the method, conducted several numerical experiments to con�rm the e�ectiveness of the
proposed scheme.

Key words: iterative method, polynomial matrix equations, convergence, chain fractions.


