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The main asymptotic property of the continuous stochastic approximation procedure,
namely the convergence to the Ornstein-Uhlenbeck process, is considered. The regression
function of the procedure depends on a uniformly ergonomic Markov process, which de-
scribes the external influence in the form of switches. To obtain sufficient conditions for the
convergence of the procedure, we use ergodic properties of the generating Markov process
generator, the existence of a stationary distribution of this process, and the existence of
the potential for a generating Markov process generator. The stochastic approximation
procedure, as a random process, is constructed in the form of a differential equation in the
fixed state of a Markov process with a corresponding generator of the equation. Asymp-
toticity over time is achieved by using a small parameter that normalizes time. This made
it possible to obtain a normalized stochastic approximation procedure and its differential
representation. The generator of the obtained differential equation is used to construct
a generator of a two-component Markov process, which consists of a procedure and a
switching process. The singular representation of the last generator by a small parameter
makes it possible to solve the singular perturbation problem and determine the form of
the limited generator. Such form defines the representation of a limited process as the
Ornstein-Uhlenbeck diffusion process. Note that the convergence to the limited process
is weak, which follows from the Koroliuk’s theorem. The conditions for the existence of
the Lyapunov function for the dynamic procedure, which is averaged by the stationary
distribution of the Markov process, are important. Additional conditions on the Lyapunov
function make it possible to establish the boundedness of the residual terms of the solution
of a singular perturbation. The one-dimensional case of the procedure can be expanded to
multidimensional with the corresponding complication of calculations of the components
of the limited generator. The work summarizes the studies of Nevelson and Khasminsky
in the case of a direct influence of the Markov process on the regression function.

Key words: Stochastic approximation procedure, Markov process, Ornstein-Uhlenbeck pro-
cess, Weak convergence.

1. INTRODUCTION

Dynamic random evolutions are discussed in [1], as a dynamic system with the action
of random forces which asymptotically transform into "white noise". In this case limit
theorem about the convergence of differential equation solutions with a random right side
to the diffusion process was proved for the first time. Problems of studying the asymptotic
properties of random evolutions are the research subject of works [10], [11], [4] and works
of other mathematicians. In particular, in the works [6] and [7] cases of using small
series parameter € — 0, (¢ > 0) and solutions of singular perturbation problem in the
schemes of averaging and diffusion approximation for stochastic evolutions with Markov
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and semi-Markov switching are classified. Small parameters were used in studying of large
deviations asymptotic in the work [3] or estimation of exponentially small probabilities.

Approaches, which are given in works [6] and [7], are used for the generalization of
results given in [9] in the case of continuous stochastic approximation procedure of direct
influence of regression function on uniformly ergodic Markov process, which is considered
in the [2].

Along with the main problem of the convergence of stochastic approximation pro-
cedure to the root of the regression equation, an important issue is to estimate the
procedure convergence rate which is determined by the asymptotic normality, which is
given in works [9] and [8].

The main object of the asymptotic analysis of stochastic evolutions including stochas-
tic approximation procedure is generating generator of the corresponding two-component
Markov process ( [2,6,7]).

In this article the asymptotic normality for continuous stochastic approximation pro-
cedure with Markov perturbations of regression function is obtained by method of singu-
lar perturbation problem solutions for the ergodic Markov process generator. As in the
work [2] here the second method of Lyapunov functions is used.

In section 2 problem statement is regarded and basic notations are given. In section 3
the main result is formulated, namely, the theorem of asymptotic normality of stochastic
approximation procedure. Section 4 displays the properties of the normed stochastic
approximation procedure from which the proof of the theorem follows.

2. PROBLEM FORMULATION

Continuous stochastic approximation procedure with Markov perturbation in the se-
ries scheme is given by evolution equation [2]

dus (t)
L = a(t)C 1), (t/2)) 1)
Under appropriate conditions on regression function C(u,r) = (Cx(u, ),k = 1,d),
u € R? 2 € X and on normalizing scalar function a(t),t > 0, provided uniform ergodicity
of Markov process z(t),t > 0, there is a convergence with probability one

us(t) = up, t = 00 (2)

to the equilibrium point ugy of averaged system

du(t)
"D _ o), o
C(u) :)j(‘w(dm)C(u,x),

which, without reducing generality, further considered zero, namely
C(0)=0. (4)

From the research of stochastic approximation procedure with additive perturbation
of Brownian motion (see [9])it is established, that convergence rate (2) is characterized
by asymptotic normality of the normed stochastic approximation procedure at t — oo.

In the article asymptotic normality for stochastic approximation procedure (1) on
the real axis u € R with ergodic Markov perturbation in stability conditions of averaged

system (3) at a(t) = %,a > 0 is studied.
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For stochastic approximation procedure, which is defined by equation

dut(t) a t
= 70 € t -
0 —te (w0 (). 5)
normed stochastic approximation procedure is specified as
t
ve(t) %ue(t),t >t9 > 0. (6)

Remark 2.1. Convergence (2), taking into account the assumption (4), means, that
estimate of convergence rate can be realized with the additional multiplier, for example

u (1) = VI (t). (7)

Analysis of limiting transition at ¢ — oo replaces by the analysis of normed stochastic
approximation procedure convergence (7) at ¢ — 0 with substitution of € to 2, that is

ve(t) = \/Zug(t), namely (6).

Uniformly ergodic Markov process z(t),t > 0, in dimensional phase space (X,X) is
given by the generator

Qip(r) = q(x)/P(fvvdy)[w(y) —p(x)], p(z) € B(X), (8)

X

where B(X) — Banach space of real-valued bounded functions with supremum norm.
Stationary distribution 7(B),B € X of Markov process x(t),t > 0, satisfies the
conditions

m(dx)q(z) = gp(dx),q = /W(dx)q(:c),

where stationary distribution p(dz) of embedded Markov chain x,,, n > 0, is determined
by the ratio

o(B) = [ pldo)Pla, B), B € X.p(X) = 1.
X

In Banach space 56(X) projector

(o) = [ w(d)p(@)tla) = ¢1(0) ¢ = [ wd)p(e). 1(0) = Lo € X,
X X
is considered and also potential Rg for generator Q, which is defined by the equation
RoQ=QRy =1-1L
Regression function C(u,z) € C?(R) on u. Second derivative satisfies a global Lips-
chitz condition on w. Let introduce the notation

Co(x) = C(0,2); Ci(z) = C,(0,2);b(x) = aCy(x) + 1/2;

C(u,z) = C(u) — C(u, ). (9)
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3. ASYMPTOTIC NORMALITY

Theorem 1. (Asymptotic normality). Let the conditions of stochastic approximation
procedure (6) convergence holds (see [2]])

Cl:C(u)V'(u) < —coV(u),co > 05

C2:| Clu,z)V'(u) |< 1 (1 4 V(u));

C3:| Clu,z)Ro[C(u, z)V'(u)] < ea(1 + V(u)).

And there are additional conditions

D1: p? = =2 [ 7w(dz)Co(z)RoCo(z) > 0;

X

D2:c=— [n(dx)Ci(z) > 0;
X

D3:b=ac—1/2>0.
Then for normed stochastic approximation procedure (6) there is weak convergence

V() = C(t),e = 0, (10)

in each finite interval 0 < tg <t < T, T > 0, where ((t),t > 0 — Ornstein-Uhlenbeck
process with generator Ly =t~ 'L,

o2

Lo(v) = 5 ¢"(v) = bog'(v), (11)
and dispersion o2 = a?p?.
Remark 3.1. Condition D; provides diffusivity and condition D3 — limited process er-
godicity.
Remark 3.2. Limited Ornstein-Uhlenbeck process with generator L in theorem condi-
tions is ergodic with stationary normal distribution N (0, ¢2), where dispersion calculated
by the formula 03 = 02 /2b.

4. NORMED STOCHASTIC APPROXIMATION PROCEDURE PROPER-
TIES

Lemma 2. Normed stochastic approximation procedure (5) is a solution of stochastic
differential equation

a

g _ € € € g dt
dve(t) = 57\/{0 (\/Ev (t)7xt> dt +v (15)77 (12)

t
where z{ = x (62) .

Proof. Equation (12) is obtained from stochastic approximation procedure (5) and
representation (6). O

Lemma 3. Generator of two-component Markov process v¢(t), x5, t > 0 has repre-
sentation

,11 v
t

Lip(v,z) = e 2Qyp(v,z) + {e 7C <\2m> + 2} o (v, 2). (13)
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Proof. According to definition of generator of Markov process v°(t), x5, t > 0, it is
necessary to calculate the conditional expectation, which looks as follows

E[QO(’U + Avs?mi—&-A) - @(1)733) | Us(t) =, JJ; = J}] = AL;@(U7 Z‘) + O(A)a

where generator L has form (13). O
In operator form (13) is written as

L =e°Q+ Vi(a),
where generator V(z) is determined by the rate of evolution equation (12)

1 a

Ve (2)p(v) = {5 ¢ (\2”> + ;’t] o (v). (14)

Lemma 4. Generator (13) on test-functions ¢(v,z) € C*(R) on v has asymptotic
representation

Lip(o,2) = 2 Qp(v,2) + 21— Clw)p(v,2) + 5 Viw)p(w, 2)+

+8“@ﬁw@m "
2t T
where
C(z)p(v) = Co(2)¢' (v), (16)
V(z)p(v) = vb(z)¢(v), (17)
Cs(@)p(v) = C5(v,2)¢ (v), (18)
C5(v,x) =C" (ﬁ,x),ogegl. (19)

Proof. Using Taylor’s formula for the regression function, taking into account the
notations (9), we get

2
C (\21},3:) =Cy(z) + 5\%01@) + 62%05(11,33),

where residual term is defined by the formula (19). Substituting this expression into
(14), we get (15)-(19). O
Lemma 5. Solution of singular perturbation problem for generator L; has form

1
Ligi(v,2) = S Lyp(v) + b (2) ().
Here limited generator L determined by the formula (11) and residual term

0; (x)p(v) = 03(t, 2)¢" (v) + 05(t, 2)¢" (v) + 01 (L, 2)¢ (v), (20)

where functions 65 (v, z),k = 1,2,3, can be calculated explicitly.
Proof. In accordance with the scheme of solution of the singular perturbation problem
([7]), let us compute the value of the generator (15) on perturbed function

1 51
(v, ) = e(v) + e—=p1(v, ) + e“=pa (v, x).
E(0,2) = (0) + £ i (0.0) + 2 al0,0)



Chabanyuk U., Khimka A., Chernovol N.
ISSN 2078-5097. Bicu. JIbBiB. yu-ry. Cep. npuksa. marem. ta ind. 2019. Bun. 27 123

Considering the asymptotic representation of generator (15) and notation (16)—(19)
we have

Ligi(v,) = 2Qlo) + <7 = (Qe(1.2) + Clalolo)]+
X (21)
+11Qp2(v, 2) + C(2)pr (v, 2) + V()p(v)] + ey (2)p(v).
Here, from definition, residual term has form
0 (z)p(v) = Ca(z)p(v) + %V(x)%(vvxﬂ
(22)

1 1
+t$7 {C(x) + s\/iV(x)} wa(v, x).
Obviously, that Qe(v) = 0. Next, for function ¢ (v, z) there is equation

Qp1(v,2) + C(2)p(v) = 0. (23)
According to assumption (4), function Cy(z) ((9)) satisfies balance condition, indeed
IICy(x) = /W(d$)CO(I) = /’/’I’(dﬂC)C(O,I) = C(0) = 0.

X X

Thus, equation (23) has solution

o1(v,z) = —aRoCo(x)¢ (v). (24)
Now we go to the equation for the function ¢z (v, x)
Qip2(v, 2) + C(z)e1 (v, 2) + V(2)p(v) = Lip(v), (25)

where limited generator L is defined by condition of equation solvability (25). Using
(24), equation (25) reduced to

Qpa(v, ) + L(z)p(v) = Lip(v), (26)

in which

Here, from definition,
(T(l‘) = 7200(1‘)1:{000(%)

Now condition of equation solvability (26)

IL(z)e(v) = Le(v) (27)

defines limited generator L by formula (11).
Solution of equation (26), provided (27), has representation (see [7])

p2(v,2) = RoL(2)p(v), L(z) = L — L(z). (28)

Finally, let us calculate residual term in form (21) using formulas (22), (24) and (28).
An expression (20) is obtained. O

Proof of theorem.

Proof. The use of Model limit theorem ( [7]) justifies the weak convergence (10) in
the theorem. O
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5. CONCLUSION

In theorem conditions stochastic approximation procedure v°(t) has asymptotic nor-
mal distribution N(0,02), namely v°(t) = v, € — 0, t — 0o, where random variable v
has distribution N(0,03).

The weak convergence of stochastic approximation procedure exists with renormed
time in each finite interval 0 < ¢t < T and limited process ((¢),¢ > 0 is Ornstein-Uhlenbeck
process with generator

0.2

mezaw%w—www.

This is based on the use of martingale characterization of normed process and Model
limited theorem of Korolyuk.
Similar result of asymptotic normality for stochastic approximation procedure in Eu-
clidean space R%,d > 1 can be obtained with a superior technical complications.
Obtained result can be used for the receiving the normality of the asymptotically
dissipative systems with Markov switching in the asymptotically small diffusion sche-
me [5].
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Po3risiHyTo OCHOBHY acHMOTOTHYHY BJIACTHBICTH HEEPEPBHOI IPOIELYPH CTOXACTHY-
HOI allpoKcuMalii, a came 36ikHicTb 10 nporecy OpHInTeitHa-YieHOeka. Y IbOMY BHIAIKY
dyHKIist perpecil npoueaypu 3ajeXuTh Bij PIBHOMIPHO eproamvHOro mpomecy Mapkosa,
SAKHUI ONHCY€ 30BHIIIHI} BIJIUB y BUIJIAMA] IepeK0dYeHb. J[yIg OTpUMaHHA JTOCTATHIX YMOB
36i>KHOCTI IPOLEAYPU BUKOPUCTOBYEMO €ProJAUYHi BIACTUBOCTI IIOPOJRKYIOYOr0 I€HEPATOPA
npomecy MapkoBa, iCHyBaHHSI CTAI[iOHAPHOTO PO3MOJIIY IIHOTO MPOIECY Ta iCHYBaHHS
MOTEHIIAJY s MOPOIAKYIOUOro reneparopa mporecy Mapkosa. IIporemaypa cToxacTuaHOT
anpoKCcUMallil, ik BUIQIKOBHUI 1IpoIec, OyayeThesi B BUIVISI AudepeHIiaJbHOTO PiBHSHHS
B dikcoBanoMy craui mporecy MapKoBa 3 BiJIOBiJHHM reHepATOPOM DIiBHAHHSA. ACHMIITO-
TUYHICTH 33 9aCOM J[OCSITA€ThCsi BUKOPUCTAHHSIM MAJIOr0 IIapaMeTpa, 33 SSKUM HOPMYEThCS
qac. Ile mamo 3MOry OTpEMATH HOPMOBAaHY IIPOLEIYyPY CTOXAaCTHYHOI AIPOKCHMAIl, Ta
11 gudepennianpue momanus. l'emeparop oTpuMaHOro AudepeHiaJbHOTO PIBHSHHS BHU-
KOPUCTOBYIOTH JIJIsI TIOOYIOBM TE€HEPaTopa JIBOKOMIIOHEHTHOTO mpoiecy MapkoBa, sikuit
CKJIAZIAETHCS 3 TPOLEIYPH Ta MPOIECY Mepekovenb. CHUHTYISIpHE TOJAHHS IIHOTO TeHepa-
TOpa 33 MAJIMM IaPAMETPOM JA€ MiJACTaBH PO3B’sI3aTH IPOOJIEMY CHHIYJISIPHOrO 30ypeHHsT
OOYUCIUTH BUIJISIT TPAHUYHOTO Te€HEepaTopa. TakKe MOJAHHS BH3HAYAE BUIJIS] IPDAHUTHOTO
npouecy sik gudysiiinoro npouecy Opainreiina-Yienbeka. 3ayBakumo, 1m0 36iKHICTH 10
TPAHIYIHOTO IPOIECy € C1abKoI0, sIKa BUILIUBAE 3 Teopemu Kopousoka. BakiuBumu € ymMoBH
icayBanHst pyHKUil JIssnyHOBa s ycepeaHeHOT 3a CTAiOHAPDHUM PO3IOMAIJIOM IIPOLECY
Mapkosa guraMiusoi nponeaypu. Jlomarkosi ymoBu Ha dyHKHi0 JIamyHOBa JOIOMAraoTh
BHU3HAYUTH OOMEKEHICTh 3aTUNIKOBUAX YJIEHIB PO3B’SI3KYy CHHIYISAPHOrO 36ypeHHs. OTHOBH-
MipHHH BHIAJO0K IPOIELyPH MOXKHA PO3MIUPHUTHA IO 0AraTOBHMIPHOrO 3 BigmoBigHuM yCK-
JaTHEHHAM OOYHCJIeHb CKJIAQJHUKIB T'DAHHUYHOTO reHepaTopa. PoboTa y3araybHIOE J10C-
mimxenns: Hesenbcona Tta XacbMiHCBKOro Ha BHMAJ0K 0€3M0CEPEIHLOTO BILJIUBY IIPOIECY
MapkoBa Ha (pYHKIIiI0 perpecii.

Kuarouwost caosa: Ilponenypa croxacTudHol anpokcuMarii, mpounec Mapkosa, nporec OpH-
wrefina—Yienbeka, cjiabka 30iKHICTb.



