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The main asymptotic property of the continuous stochastic approximation procedure,

namely the convergence to the Ornstein-Uhlenbeck process, is considered. The regression

function of the procedure depends on a uniformly ergonomic Markov process, which de-

scribes the external in�uence in the form of switches. To obtain su�cient conditions for the

convergence of the procedure, we use ergodic properties of the generating Markov process

generator, the existence of a stationary distribution of this process, and the existence of

the potential for a generating Markov process generator. The stochastic approximation

procedure, as a random process, is constructed in the form of a di�erential equation in the

�xed state of a Markov process with a corresponding generator of the equation. Asymp-

toticity over time is achieved by using a small parameter that normalizes time. This made

it possible to obtain a normalized stochastic approximation procedure and its di�erential

representation. The generator of the obtained di�erential equation is used to construct

a generator of a two-component Markov process, which consists of a procedure and a

switching process. The singular representation of the last generator by a small parameter

makes it possible to solve the singular perturbation problem and determine the form of

the limited generator. Such form de�nes the representation of a limited process as the

Ornstein-Uhlenbeck di�usion process. Note that the convergence to the limited process

is weak, which follows from the Koroliuk's theorem. The conditions for the existence of

the Lyapunov function for the dynamic procedure, which is averaged by the stationary

distribution of the Markov process, are important. Additional conditions on the Lyapunov

function make it possible to establish the boundedness of the residual terms of the solution

of a singular perturbation. The one-dimensional case of the procedure can be expanded to

multidimensional with the corresponding complication of calculations of the components

of the limited generator. The work summarizes the studies of Nevelson and Khasminsky

in the case of a direct in�uence of the Markov process on the regression function.

Key words: Stochastic approximation procedure, Markov process, Ornstein-Uhlenbeck pro-

cess, Weak convergence.

1. Introduction

Dynamic random evolutions are discussed in [1], as a dynamic system with the action
of random forces which asymptotically transform into "white noise". In this case limit
theorem about the convergence of di�erential equation solutions with a random right side
to the di�usion process was proved for the �rst time. Problems of studying the asymptotic
properties of random evolutions are the research subject of works [10], [11], [4] and works
of other mathematicians. In particular, in the works [6] and [7] cases of using small
series parameter ε → 0, (ε > 0) and solutions of singular perturbation problem in the
schemes of averaging and di�usion approximation for stochastic evolutions with Markov
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and semi-Markov switching are classi�ed. Small parameters were used in studying of large
deviations asymptotic in the work [3] or estimation of exponentially small probabilities.

Approaches, which are given in works [6] and [7], are used for the generalization of
results given in [9] in the case of continuous stochastic approximation procedure of direct
in�uence of regression function on uniformly ergodic Markov process, which is considered
in the [2].

Along with the main problem of the convergence of stochastic approximation pro-
cedure to the root of the regression equation, an important issue is to estimate the
procedure convergence rate which is determined by the asymptotic normality, which is
given in works [9] and [8].

The main object of the asymptotic analysis of stochastic evolutions including stochas-
tic approximation procedure is generating generator of the corresponding two-component
Markov process ( [2, 6, 7]).

In this article the asymptotic normality for continuous stochastic approximation pro-
cedure with Markov perturbations of regression function is obtained by method of singu-
lar perturbation problem solutions for the ergodic Markov process generator. As in the
work [2] here the second method of Lyapunov functions is used.

In section 2 problem statement is regarded and basic notations are given. In section 3
the main result is formulated, namely, the theorem of asymptotic normality of stochastic
approximation procedure. Section 4 displays the properties of the normed stochastic
approximation procedure from which the proof of the theorem follows.

2. Problem formulation

Continuous stochastic approximation procedure with Markov perturbation in the se-
ries scheme is given by evolution equation [2]

duε(t)

dt
= a(t)C(uε(t), x(t/ε)). (1)

Under appropriate conditions on regression function C(u, x) = (Ck(u, x), k = 1, d),
u ∈ Rd, x ∈ X and on normalizing scalar function a(t), t ≥ 0, provided uniform ergodicity
of Markov process x(t), t ≥ 0, there is a convergence with probability one

uε(t) ⇒ u0, t → ∞ (2)

to the equilibrium point u0 of averaged system

du(t)

dt
= C(u(t)),

C(u) =
∫
X

π(dx)C(u, x),
(3)

which, without reducing generality, further considered zero, namely

C(0) = 0. (4)

From the research of stochastic approximation procedure with additive perturbation
of Brownian motion (see [9])it is established, that convergence rate (2) is characterized
by asymptotic normality of the normed stochastic approximation procedure at t → ∞.

In the article asymptotic normality for stochastic approximation procedure (1) on
the real axis u ∈ R with ergodic Markov perturbation in stability conditions of averaged

system (3) at a(t) =
a

t
, a > 0 is studied.
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For stochastic approximation procedure, which is de�ned by equation

duε(t)

dt
=

a

t
C

(
uε(t), x

(
t

ε2

))
, (5)

normed stochastic approximation procedure is speci�ed as

vε(t) =

√
t

ε
uε(t), t ≥ t0 > 0. (6)

Remark 2.1. Convergence (2), taking into account the assumption (4), means, that
estimate of convergence rate can be realized with the additional multiplier, for example

uε
1(t) =

√
tuε(t). (7)

Analysis of limiting transition at t → ∞ replaces by the analysis of normed stochastic
approximation procedure convergence (7) at ε → 0 with substitution of ε to ε2, that is

vε(t) =

√
t

ε2
uε(t), namely (6).

Uniformly ergodic Markov process x(t), t ≥ 0, in dimensional phase space (X,X) is
given by the generator

Qφ(x) = q(x)

∫
X

P (x, dy)[φ(y)− φ(x)], φ(x) ∈ B(X), (8)

where B(X) � Banach space of real-valued bounded functions with supremum norm.
Stationary distribution π(B), B ∈ X of Markov process x(t), t ≥ 0, satis�es the

conditions

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x),

where stationary distribution ρ(dx) of embedded Markov chain xn, n ≥ 0, is determined
by the ratio

ρ(B) =

∫
X

ρ(dx)P (x,B), B ∈ X, ρ(X) = 1.

In Banach space B(X) projector

Πφ(x) =

∫
X

π(dx)φ(x)1(x) = φ1(x), φ =

∫
X

π(dx)φ(x),1(x) ≡ 1, x ∈ X,

is considered and also potential R0 for generator Q, which is de�ned by the equation
R0Q = QR0 = I−Π.

Regression function C(u, x) ∈ C2(R) on u. Second derivative satis�es a global Lips-
chitz condition on u. Let introduce the notation

C0(x) = C(0, x);C1(x) = C ′
u(0, x); b(x) = aC1(x) + 1/2;

C̃(u, x) = C(u)− C(u, x). (9)
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3. Asymptotic normality

Theorem 1. (Asymptotic normality). Let the conditions of stochastic approximation
procedure (6) convergence holds (see [2]])

C1 : C(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2 :| C̃(u, x)V ′(u) |≤ c1(1 + V (u));

C3 :| C(u, x)R0[C̃(u, x)V ′(u)]′ ≤ c2(1 + V (u)).

And there are additional conditions

D1 : ρ2 = −2
∫
X

π(dx)C0(x)R0C0(x) > 0;

D2 : c = −
∫
X

π(dx)C1(x) > 0;

D3 : b = ac− 1/2 > 0.

Then for normed stochastic approximation procedure (6) there is weak convergence

vε(t) ⇒ ζ(t), ε → 0, (10)

in each �nite interval 0 < t0 ≤ t ≤ T , T > 0, where ζ(t), t ≥ 0 � Ornstein-Uhlenbeck
process with generator Lt = t−1L,

Lφ(v) =
σ2

2
φ′′(v)− bvφ′(v), (11)

and dispersion σ2 = a2ρ2.

Remark 3.1.Condition D1 provides di�usivity and condition D3 � limited process er-
godicity.

Remark 3.2.Limited Ornstein-Uhlenbeck process with generator L in theorem condi-
tions is ergodic with stationary normal distribution N(0, σ2

0), where dispersion calculated
by the formula σ2

0 = σ2/2b.

4. Normed stochastic approximation procedure proper-

ties

Lemma 2. Normed stochastic approximation procedure (5) is a solution of stochastic
di�erential equation

dvε(t) =
a

ε
√
t
C

(
ε√
t
vε(t), xε

t

)
dt+ vε(t)

dt

t
, (12)

where xε
t = x

(
t

ε2

)
.

Proof. Equation (12) is obtained from stochastic approximation procedure (5) and
representation (6). �

Lemma 3. Generator of two-component Markov process vε(t), xε
t , t ≥ 0 has repre-

sentation

Lε
tφ(v, x) = ε−2Qφ(v, x) +

[
ε−1 a√

t
C

(
ε√
t
v, x

)
+

v

2t

]
φ′
v(v, x). (13)
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Proof. According to de�nition of generator of Markov process vε(t), xε
t , t ≥ 0, it is

necessary to calculate the conditional expectation, which looks as follows

E[φ(v +∆vε, xε
t+∆)− φ(v, x) | vε(t) = v, xε

t = x] = ∆Lε
tφ(v, x) + o(∆),

where generator Lε
t has form (13). �

In operator form (13) is written as

Lε
t = ε−2Q+Vε

t (x),

where generator V ε
t (x) is determined by the rate of evolution equation (12)

Vε
t (x)φ(v) =

[
ε−1 a√

t
C

(
ε√
t
v, x

)
+

v

2t

]
φ′(v). (14)

Lemma 4. Generator (13) on test-functions φ(v, x) ∈ C2(R) on v has asymptotic
representation

Lε
tφ(v, x) = ε−2Qφ(v, x) + ε−1 1√

t
C(x)φ(v, x) +

1

t
V(x)φ(v, x)+

+ε2
v2

2t
Cε

2(x)φ(v, x),

(15)

where
C(x)φ(v) = C0(x)φ

′(v), (16)

V(x)φ(v) = vb(x)φ′
(v), (17)

Cε
2(x)φ(v) = Cε

2(v, x)φ
′(v), (18)

Cε
2(v, x) = C ′′

(
εθv√
t
, x

)
, 0 ≤ θ ≤ 1. (19)

Proof. Using Taylor's formula for the regression function, taking into account the
notations (9), we get

C

(
ε√
t
v, x

)
= C0(x) + ε

v√
t
C1(x) + ε2

v2

2t
Cε

2(v, x),

where residual term is de�ned by the formula (19). Substituting this expression into
(14), we get (15)�(19). �

Lemma 5. Solution of singular perturbation problem for generator Lε
t has form

Lε
tφ

ε
t (v, x) =

1

t
Lφ(v) + εθεt (x)φ(v).

Here limited generator L determined by the formula (11) and residual term

θεt (x)φ(v) = θε3(t, x)φ
′′′(v) + θε2(t, x)φ

′′(v) + θε1(t, x)φ
′(v), (20)

where functions θεk(v, x), k = 1, 2, 3, can be calculated explicitly.
Proof. In accordance with the scheme of solution of the singular perturbation problem

( [7]), let us compute the value of the generator (15) on perturbed function

φε
t (v, x) = φ(v) + ε

1√
t
φ1(v, x) + ε2

1

t
φ2(v, x).
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Considering the asymptotic representation of generator (15) and notation (16)�(19)
we have

Lε
tφ

ε
t (v, x) = ε−2Qφ(v) + ε−1 1√

t
[Qφ1(v, x) +C(x)φ(v)]+

+
1

t
[Qφ2(v, x) +C(x)φ1(v, x) +V(x)φ(v)] + εθεt (x)φ(v).

(21)

Here, from de�nition, residual term has form

θεt (x)φ(v) = Cε
2(x)φ(v) +

1

t
V(x)φ1(v, x)+

+
1

t3/2

[
C(x) + ε

1√
t
V(x)

]
φ2(v, x).

(22)

Obviously, that Qφ(v) = 0. Next, for function φ1(v, x) there is equation

Qφ1(v, x) +C(x)φ(v) = 0. (23)

According to assumption (4), function C0(x) ((9)) satis�es balance condition, indeed

ΠC0(x) =

∫
X

π(dx)C0(x) =

∫
X

π(dx)C(0, x) = C(0) = 0.

Thus, equation (23) has solution

φ1(v, x) = −aR0C0(x)φ
′(v). (24)

Now we go to the equation for the function φ2(v, x)

Qφ2(v, x) +C(x)φ1(v, x) +V(x)φ(v) = Lφ(v), (25)

where limited generator L is de�ned by condition of equation solvability (25). Using
(24), equation (25) reduced to

Qφ2(v, x) + L(x)φ(v) = Lφ(v), (26)

in which

L(x)φ(v) =
a2

2
σ(x)φ′′(v)− vb(x)φ′(v).

Here, from de�nition,
σ(x) = −2C0(x)R0C0(x).

Now condition of equation solvability (26)

ΠL(x)φ(v) = Lφ(v) (27)

de�nes limited generator L by formula (11).
Solution of equation (26), provided (27), has representation (see [7])

φ2(v, x) = R0L̃(x)φ(v), L̃(x) = L− L(x). (28)

Finally, let us calculate residual term in form (21) using formulas (22), (24) and (28).
An expression (20) is obtained. �

Proof of theorem.
Proof. The use of Model limit theorem ( [7]) justi�es the weak convergence (10) in

the theorem. �
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5. Conclusion

In theorem conditions stochastic approximation procedure vε(t) has asymptotic nor-
mal distribution N(0, σ2

0), namely vε(t) ⇒ v, ε → 0, t → ∞, where random variable v
has distribution N(0, σ2

0).

The weak convergence of stochastic approximation procedure exists with renormed
time in each �nite interval 0 < t < T and limited process ζ(t), t ≥ 0 is Ornstein-Uhlenbeck
process with generator

Lφ(v) =
σ2

2
φ′′(v)− bvφ′(v).

This is based on the use of martingale characterization of normed process and Model
limited theorem of Korolyuk.

Similar result of asymptotic normality for stochastic approximation procedure in Eu-
clidean space Rd, d > 1 can be obtained with a superior technical complications.

Obtained result can be used for the receiving the normality of the asymptotically
dissipative systems with Markov switching in the asymptotically small di�usion sche-
me [5].
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Ðîçãëÿíóòî îñíîâíó àñèìïòîòè÷íó âëàñòèâiñòü íåïåðåðâíî¨ ïðîöåäóðè ñòîõàñòè÷-

íî¨ àïðîêñèìàöi¨, à ñàìå çáiæíiñòü äî ïðîöåñó Îðíøòåéíà-Óëåíáåêà. Ó öüîìó âèïàäêó

ôóíêöiÿ ðåãðåñi¨ ïðîöåäóðè çàëåæèòü âiä ðiâíîìiðíî åðãîäè÷íîãî ïðîöåñó Ìàðêîâà,

ÿêèé îïèñó¹ çîâíiøíié âïëèâ ó âèãëÿäi ïåðåêëþ÷åíü. Äëÿ îòðèìàííÿ äîñòàòíiõ óìîâ

çáiæíîñòi ïðîöåäóðè âèêîðèñòîâó¹ìî åðãîäè÷íi âëàñòèâîñòi ïîðîäæóþ÷îãî ãåíåðàòîðà

ïðîöåñó Ìàðêîâà, iñíóâàííÿ ñòàöiîíàðíîãî ðîçïîäiëó öüîãî ïðîöåñó òà iñíóâàííÿ

ïîòåíöiàëó äëÿ ïîðîäæóþ÷îãî ãåíåðàòîðà ïðîöåñó Ìàðêîâà. Ïðîöåäóðà ñòîõàñòè÷íî¨

àïðîêñèìàöi¨, ÿê âèïàäêîâèé ïðîöåñ, áóäó¹òüñÿ â âèãëÿäi äèôåðåíöiàëüíîãî ðiâíÿííÿ

â ôiêñîâàíîìó ñòàíi ïðîöåñó Ìàðêîâà ç âiäïîâiäíèì ãåíåðàòîðîì ðiâíÿííÿ. Àñèìïòî-

òè÷íiñòü çà ÷àñîì äîñÿãà¹òüñÿ âèêîðèñòàííÿì ìàëîãî ïàðàìåòðà, çà ÿêèì íîðìó¹òüñÿ

÷àñ. Öå äàëî çìîãó îòðèìàòè íîðìîâàíó ïðîöåäóðó ñòîõàñòè÷íî¨ àïðîêñèìàöi¨, òà

¨¨ äèôåðåíöiàëüíå ïîäàííÿ. Ãåíåðàòîð îòðèìàíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ âè-

êîðèñòîâóþòü äëÿ ïîáóäîâè ãåíåðàòîðà äâîêîìïîíåíòíîãî ïðîöåñó Ìàðêîâà, ÿêèé

ñêëàäà¹òüñÿ ç ïðîöåäóðè òà ïðîöåñó ïåðåêëþ÷åíü. Ñèíãóëÿðíå ïîäàííÿ öüîãî ãåíåðà-

òîðà çà ìàëèì ïàðàìåòðîì äà¹ ïiäñòàâè ðîçâ'ÿçàòè ïðîáëåìó ñèíãóëÿðíîãî çáóðåííÿ é

îá÷èñëèòè âèãëÿä ãðàíè÷íîãî ãåíåðàòîðà. Òàêå ïîäàííÿ âèçíà÷à¹ âèãëÿä ãðàíè÷íîãî

ïðîöåñó ÿê äèôóçiéíîãî ïðîöåñó Îðíøòåéíà-Óëåíáåêà. Çàóâàæèìî, ùî çáiæíiñòü äî

ãðàíè÷íîãî ïðîöåñó ¹ ñëàáêîþ, ÿêà âèïëèâà¹ ç òåîðåìè Êîðîëþêà. Âàæëèâèìè ¹ óìîâè

iñíóâàííÿ ôóíêöi¨ Ëÿïóíîâà äëÿ óñåðåäíåíî¨ çà ñòàöiîíàðíèì ðîçïîäiëîì ïðîöåñó

Ìàðêîâà äèíàìi÷íî¨ ïðîöåäóðè. Äîäàòêîâi óìîâè íà ôóíêöiþ Ëÿïóíîâà äîïîìàãàþòü

âèçíà÷èòè îáìåæåíiñòü çàëèøêîâèõ ÷ëåíiâ ðîçâ'ÿçêó ñèíãóëÿðíîãî çáóðåííÿ. Îäíîâè-

ìiðíèé âèïàäîê ïðîöåäóðè ìîæíà ðîçøèðèòè äî áàãàòîâèìiðíîãî ç âiäïîâiäíèì óñê-

ëàäíåííÿì îá÷èñëåíü ñêëàäíèêiâ ãðàíè÷íîãî ãåíåðàòîðà. Ðîáîòà óçàãàëüíþ¹ äîñ-

ëiäæåííÿ Íåâåëüñîíà òà Õàñüìiíñüêîãî íà âèïàäîê áåçïîñåðåäíüîãî âïëèâó ïðîöåñó

Ìàðêîâà íà ôóíêöiþ ðåãðåñi¨.

Êëþ÷îâi ñëîâà: Ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨, ïðîöåñ Ìàðêîâà, ïðîöåñ Îðí-

øòåéíà�Óëåíáåêà, ñëàáêà çáiæíiñòü.


