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Ìåòîäîì ñêií÷åííèõ ðiçíèöü ó âèïàäêó çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ãåëüìãîëüöà
ïîáóäîâàíî ðiçíèöåâó ñõåìó ïiäâèùåíîãî ïîðÿäêó àïðîêñèìàöi¨. Äëÿ ïîõiäíèõ ïåðøî-
ãî òà äðóãîãî ïîðÿäêiâ âèêîðèñòîâóþòü ðiçíèöåâi ñïiââiäíîøåííÿ ÷åòâåðîãî ïîðÿäêó.
Äîäàþ÷è ãðàíè÷íi óìîâè ó âóçëàõ ñiòêè, îòðèìó¹ìî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü
(ñèñòåìà ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü) ç ìàòðèöåþ, ÿêà ¹ ñèìåòðè÷íîþ i ìà¹ äiàãî-
íàëüíó ïåðåâàãó. Òîìó öþ ñèñòåìó äîöiëüíî ðîçâ'ÿçóâàòè iòåðàöiéíèìè ìåòîäàìè.
Çàñòîñîâàíî ìåòîäè ïðîñòèõ iòåðàöié i Çåéäåëÿ, ÿêi çà íåâåëèêó êiëüêiñòü iòåðàöié
äàþòü íàáëèæåíèé ðîçâ'ÿçîê iç çàäàíîþ òî÷íiñòþ. Íàâåäåíî ðåçóëüòàòè ÷èñåëüíèõ
åêñïåðèìåíòiâ, ÿêi ïiäòâåðäæóþòü åôåêòèâíiñòü ìåòîäó òà òåîðåòè÷íèé ïîðÿäîê çáiæ-
íîñòi. Òàêîæ âèêîíàíî ïîðiâíÿííÿ iòåðàöiéíèõ ïðîöåñiâ çà êiëüêiñòþ iòåðàöié i
çíà÷åííÿìè àáñîëþòíèõ ïîõèáîê.

Êëþ÷îâi ñëîâà: çàäà÷à Äiðiõëå, ðiâíÿííÿ Ãåëüìãîëüöà, ìåòîä ñêií÷åííèõ ðiçíèöü,
ñèñòåìà ðiçíèöåâèõ ðiâíÿíü, ïîðÿäîê àïðîêñèìàöi¨, ìåòîä ïðîñòèõ iòåðàöié, ìåòîä
Çåéäåëÿ, çáiæíiñòü.

1. Âñòóï

Ó âèïàäêó ðîçâ'ÿçóâàííÿ ãðàíè÷íèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè òî÷íi ðîçâ'ÿçêè
âiäîìi òiëüêè ó âèïàäêó ïðîñòèõ îáëàñòåé. Òîìó öi çàäà÷i ðîçâ'ÿçóþòü íàáëèæåíî.
Ñåðåä âåëèêî¨ êiëüêîñòi ÷èñåëüíèõ ìåòîäiâ óíiâåðñàëüíèì i åôåêòèâíèì ìåòîäîì
ðîçâ'ÿçóâàííÿ ãðàíè÷íèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ó ÷àñòèííèõ ïîõiäíèõ
åëiïòè÷íîãî òèïó ¹ ìåòîä ñêií÷åííèõ ðiçíèöü [2]. Ïðîöåñ ðîçâ'ÿçóâàííÿ òàêèõ
çàäà÷ ñêëàäà¹òüñÿ ç çàìiíè äèôåðåíöiàëüíî¨ çàäà÷i ñèñòåìîþ ðiçíèöåâèõ ðiâíÿíü
i ðîçâ'ÿçóâàííÿ îòðèìàíî¨ ñèñòåìè ïðÿìèìè àáî iòåðàöiéíèìè ìåòîäàìè.

Áàãàòî ôiçè÷íèõ ÿâèù � àêóñòèêà, ïðóæíiñòü òà åëåêòðîìàãíiòíi õâèëi � îïèñó-
þòüñÿ ðiâíÿííÿì Ãåëüìãîëüöà çi ñòàëèì àáî çìiííèì õâèëüîâèì ÷èñëîì. Äîäàâøè
ãðàíè÷íi óìîâè Äiðiõëå, Íåéìàíà ÷è Ðîáiíà, îòðèìóþòü âiäïîâiäíi çàäà÷i. Áàçî-
âîþ ðiçíèöåâîþ ñõåìîþ äëÿ íàáëèæåíîãî ðîçâ'ÿçóâàííÿ òàêèõ çàäà÷ ¹ ñõåìà ç
ïîðÿäêîì O(h2). Äëÿ îòðèìàííÿ òî÷íiøîãî ÷èñåëüíîãî ðåçóëüòàòó, ðîçðîáèëè ñõåìè
âèùèõ ïîðÿäêiâ àïðîêñèìàöi¨, çîêðåìà ÷åòâåðòîãî òà øîñòîãî [6�8]. Òàêi ðiçíèöåâi
ñõåìè çàñòîñîâóþòü i äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ãðàíè÷íèõ çàäà÷ äëÿ ðiâíÿííÿ
Ãåëüìãîëüöà [5]. Ó çãàäàíèõ ïðàöÿõ ïðîâåäåíî àíàëiç çáiæíîñòi çàïðîïîíîâàíèõ
ñõåì òà îòðèìàíî îöiíêè ïîõèáîê.

Íåõàé â îáëàñòi Ḡ = {a ≤ x ≤ b, a ≤ y ≤ b} ðîçãëÿíåìî çàäà÷ó Äiðiõëå äëÿ
ðiâíÿííÿ Ãåëüìãîëüöà

∂2u

∂x2
+

∂2u

∂y2
+K2u = f(x, y, u, ux, uy), (x, y) ∈ G, (1)

c⃝ ßðìîëàÃ., Äóäèêåâè÷À., 2019
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u(x, y) = g(x, y), (x, y) ∈ Γ, (2)

äå f(x, y, u, ux, uy) i g(x, y) � çàäàíi ôóíêöi¨; Γ � ãðàíèöÿ îáëàñòi Ḡ. Â îáëàñòi Ḡ íà
ôóíêöiþ f òà ¨¨ ïîõiäíi íàêëàäàþòüñÿ òàêi âèìîãè:

1) f ¹ íåïåðåðâíîþ;

2)
∂f

∂u
≥ 0;

3)
∣∣ ∂f
∂ux

∣∣ ≤ q1;

4)
∣∣ ∂f
∂uy

∣∣ ≤ q2,

äå q1 i q2 � äîäàòíi êîíñòàíòè. Çà òàêèõ ïðèïóùåíü ðîçâ'ÿçîê çàäà÷i (1)-(2) iñíó¹ òà
¹äèíèé [5].

2. Ðiçíèöåâà ñõåìà ÷åòâåðòîãî ïîðÿäêó

Â îáëàñòi Ḡ ïîáóäó¹ìî êâàäðàòíó ñiòêó ç êðîêîì h =
b− a

N + 1
, N � êiëüêiñòü

âíóòðiøíiõ òî÷îê çà îñÿìè OX ÷è OY . Íà ìíîæèíi âóçëiâ (xi, yj), äå xi = a + ih,
yj = a + jh, i, j = 0, 1, . . . , N + 1, âèêîðèñòîâó¹ìî äåâ'ÿòèòî÷êîâèé øàáëîí òèïó
"ÿùèê". Îäåðæèìî ðiçíèöåâó çàäà÷ó âèãëÿäó

uxxi,j + uyyi,j +K2ui,j = f(xi, yj , ui,j , uxi,j , uyi,j),

u(xi, yj) = g(xi, yj) íà ìíîæèíi ãðàíè÷íèõ âóçëiâ.

Ïîçíà÷èìî f(xi, yj , ui,j , uxi,j , uyi,j) ÷åðåç fi,j i g(xi, yj) ÷åðåç gi,j . Íà äåâ'ÿòèòî÷êîâî-
ìó øàáëîíi, çãiäíî ç [5, 6], îäåðæèìî ðiçíèöåâó ñõåìó ÷åòâåðòîãî ïîðÿäêó àïðîêñè-
ìàöi¨

2

3

(
ui+1,j + ui,j+1 + ui−1,j + ui,j−1

)
+

1

6

(
ui+1,j+1 + ui−1,j+1 + ui−1,j−1+

+ui+1,j−1

)
+
(
− 10

3
+ h2K2

(
1− h2K2

12

))
ui,j = h2

(2
3
− h2K2

12

)
fi,j+

+
h2

12

(
fi+1,j + fi,j+1 + fi−1,j + fi,j−1

)
íà ìíîæèíi âíóòðiøíiõ âóçëiâ,

(3)

ui,j = gij íà ìíîæèíi ãðàíè÷íèõ âóçëiâ. (4)

Ôîðìóëè (3) i (4) çàäàþòü ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü. Ïðè÷îìó ïîõiäíi
∂u

∂x
,
∂u

∂y
,
∂2u

∂x2
,
∂2u

∂y2
â òî÷êàõ (i, j), (i±1, j) òà (i, j±1), çãiäíî ç [4,5], àïðîêñèìóþòüñÿ

òàêèìè ðiçíèöåâèìè ñïiââiäíîøåííÿìè

ūxi,j =
ui+1,j − ui−1,j

2h
,

ūxi±1,j =
±3ui±1,j ∓ 4ui,j ± ui∓1,j

2h
,

ūxi,j±1 =
ui+1,j±1 − ui−1,j±1

2h
,



ßðìîëàÃ., Äóäèêåâè÷À.

52 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2019. Âèï. 27

ūxxi,j±1 =
ui+1,j±1 − 2ui,j±1 + ui−1,j±1

h2
,

ūyi,j =
ui,j+1 − ui,j−1

2h
,

ūyi±1,j =
±3ui,j±1 ∓ 4ui,j ± ui,j∓1

2h
,

ūyi±1,j =
ui±1,j+1 − ui±,j−1

2h
,

ūyyi±1,j =
ui±1,j+1 − 2ui±1,j + ui±1,j−1

h2
.

Òóò ÷åðåç ū ïîçíà÷åíî íàáëèæåíi çíà÷åííÿ ó âóçëàõ ñiòêè. Ïîçíà÷èìî

¯̄fi,j = f(xi, yj , ui,j , ¯̄uxi,j , ¯̄uyi,j),

äå, çãiäíî ç [5],

¯̄uxi,j = ūxi,j + a1(ūi+1,j − ūi−1,j) + a2h(ūyyi+1,j − ūyyi−1,j) + a3h(f̄i+1,j − f̄i−1,j),

¯̄uyi,j = ūxi,j + a4(ūi,j+1 − ūi,j−1) + a5h(ūxxi,j+1 − ūxxi,j−1) + a6h(f̄i,j+1 − f̄i,j−1),

f̄i±1,j = f(xi±1, yj , ui±1,j , ūxi±1,j , ūyi±1,j),

f̄i,j±1 = f(xi, yj±1, ui,j±1, ūxi,j±1, ūyi,j±1).

Êîåôiöi¹íòè ai, i = 1, . . . , 6 âèçíà÷àþòüñÿ çà ôîðìóëàìè

a2 = a5 =
a1

h2K2
=

a4
h2K2

=
a3

−K2
=

a6
−K2

=
1

16− 2h2K2
,

ïðè÷îìó h2K2 ̸= 8. Âðàõîâóþ÷è ïîçíà÷åííÿ é îá÷èñëåííÿ íàâåäåíi âèùå, ðiçíèöåâå
ðiâíÿííÿ íàáóäå âèãëÿäó

2

3

(
ui+1,j + ui,j+1 + ui−1,j + ui,j−1

)
+

1

6

(
ui+1,j+1 + ui−1,j+1 + ui−1,j−1+

+ui+1,j−1

)
+
(
− 10

3
+ h2K2

(
1− h2K2

12

))
ui,j = h2

(2
3
− h2K2

12

) ¯̄fi,j+
+
h2

12

(
f̄i+1,j + f̄i,j+1 + f̄i−1,j + f̄i,j−1

)
, i, j = 1, 2, ...N.

(5)

3. ×èñåëüíèé åêñïåðèìåíò

Â îáëàñòi Ḡ = {0 ≤ x ≤ 1, 0 ≤ y ≤ 1} ðîçãëÿíåìî ðiâíÿííÿ Ãåëüìãîëüöà

∂2u

∂x2
+

∂2u

∂y2
+K2u = u+ f(x, y), (x, y) ∈ G, (6)

iç âiäîìèì òî÷íèì ðîçâ'ÿçêîì

uò(x, y) = e−Kx sin y,

äå ïðàâà ÷àñòèíà
f(x, y) = 2(K2 − 1)e−Kx sin y.
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Íà ãðàíèöi Γ îáëàñòi Ḡ ìà¹ìî òàêi óìîâè

x ∈ [0, 1]; y = 0;uΓ1 = 0,

x = 1; y ∈ [0, 1];uΓ2
= e−K sin(y),

x ∈ [0, 1]; y = 1;uΓ3 = e−Kx sin(1),

x = 0; y ∈ [0, 1];uΓ4 = sin(y).

(7)

Äëÿ ðiâíÿííÿ (6) ðiçíèöåâå ðiâíÿííÿ (5) ìîæíà çàïèñàòè òàê:

2

3

(
ui+1,j + ui,j+1 + ui−1,j + ui,j−1

)
+

+
1

6

(
ui+1,j+1 + ui−1,j+1 + ui−1,j−1 + ui+1,j−1

)
+

+
(
− 10

3
− h2

(2
3
− h2K2

12

)
+ h2K2

(
1− h2K2

12

))
ui,j =

= h2
(2
3
− h2K2

12

)
fi,j +

h2

12

(
f̃i+1,j + f̃i,j+1 + f̃i−1,j + f̃i,j−1

)
, i, j = 1, 2, ...N

(8)

ç âðàõóâàííÿì óìîâ íà ãðàíèöi

ui,0 = 0, i = 0, . . . , N + 1,

uN+1,j = e−K sin(hj), j = 0, . . . , N + 1,

ui,N+1 = e−Khi sin(1), i = 0, . . . , N + 1,

u0,j = sin(hj), j = 0, . . . , N + 1.

(9)

Òóò f̃i,j = ui,j + fi,j . Îñêiëüêè â ìîäåëüíié çàäà÷i ôóíêöiÿ f íå çàëåæèòü âiä u, ux

i uy, òî f̄i,j = fi,j i
¯̄fi,j = fi,j .

Ìåòîä ïðîñòî¨ iòåðàöi¨, çãiäíî ç [1, 3], äëÿ ðiçíèöåâî¨ çàäà÷i (8)-(9) çàïèøåìî ó
âèãëÿäi

u
(n+1)
i,j =

[2
3
(u

(n)
i+1,j + u

(n)
i,j+1 + u

(n)
i−1,j + u

(n)
i,j−1)+

+
1

6
(u

(n)
i+1,j+1 + u

(n)
i−1,j+1 + u

(n)
i−1,j−1 + u

(n)
i+1,j−1)− h2(

2

3
− h2K2

12
)fi,j− (10)

−h2

12
(f̃

(n)
i+1,j + f̃

(n)
i,j+1 + f̃

(n)
i−1,j + f̃

(n)
i,j−1)

]
/
[10
3

+ h2(
2

3
− h2K2

12
)− h2K2(1− h2K2

12
)
]
.

Ìåòîä Çåéäåëÿ çàïèøåìî òàê:

u
(n+1)
i,j =

[2
3
(u

(n)
i+1,j + u

(n)
i,j+1 + u

(n+1)
i−1,j + u

(n+1)
i,j−1 )+

+
1

6
(u

(n)
i+1,j+1 + u

(n)
i−1,j+1 + u

(n+1)
i−1,j−1 + u

(n+1)
i+1,j−1)− h2(

2

3
− h2K2

12
)fi,j− (11)

−h2

12
(f̃

(n)
i+1,j + f̃

(n)
i,j+1 + f̃

(n+1)
i−1,j + f̃

(n+1)
i,j−1 )

]
/
[10
3

+ h2(
2

3
− h2K2

12
)− h2K2(1− h2K2

12
)
]
.
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Òàáëèöÿ 1

Çíà÷åííÿ íàáëèæåíîãî ðîçâ'ÿçêó ó âóçëàõ ñiòêè

x\y 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 0 0.100 0.199 0.296 0.389 0.479 0.565 0.644 0.717 0.783 0.841
0.1 0 0.098 0.195 0.290 0.382 0.469 0.553 0.631 0.703 0.768 0.825
0.2 0 0.096 0.191 0.284 0.374 0.461 0.542 0.619 0.689 0.753 0.808
0.3 0 0.094 0.187 0.278 0.367 0.451 0.532 0.607 0.675 0.738 0.792
0.4 0 0.092 0.183 0.273 0.359 0.442 0.521 0.595 0.662 0.723 0.777
0.5 0 0.090 0.180 0.267 0.352 0.434 0.511 0.583 0.649 0.709 0.761
0.6 0 0.088 0.176 0.262 0.345 0.425 0.501 0.571 0.636 0.695 0.746
0.7 0 0.087 0.173 0.257 0.338 0.417 0.491 0.560 0.624 0.681 0.732
0.8 0 0.085 0.169 0.252 0.332 0.408 0.481 0.549 0.611 0.667 0.717
0.9 0 0.083 0.166 0.247 0.325 0.400 0.472 0.538 0.599 0.654 0.703
1 0 0.082 0.163 0.242 0.319 0.393 0.462 0.527 0.587 0.641 0.689

Ó òàáëèöi ïîäàíî íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (6)�(7) äëÿ K = 0.2, çíàéäåíèé
ìåòîäîì ïðîñòî¨ iòåðàöi¨. Ðåçóëüòàò îòðèìàíî çà 134 iòåðàöi¨ ç òî÷íiñòþ ε = 10−5.
Àáñîëþòíà ïîõèáêà ñòàíîâèòü 0.00015.

Äëÿ K = 0.8 íàáëèæåíèé ðîçâ'ÿçîê îòðèìàíî ìåòîäîì ïðîñòèõ iòåðàöié (10) çà
133 iòåðàöi¨, à ìåòîäîì Çåéäåëÿ (11) � çà 80. Àáñîëþòíà ïîõèáêà ñòàíîâèòü 0.00015
òà 0.00008, âiäïîâiäíî.

4. Âèñíîâêè

Ïîáóäîâàíî àëãîðèòì ðîçâ'ÿçóâàííÿ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ãåëüìãîëüöà çà
äîïîìîãîþ ðiçíèöåâîãî ìåòîäó ïiäâèùåíîãî ïîðÿäêó àïðîêñèìàöi¨ ç çàñòîñóâàííÿì
iòåðàöiéíèõ ìåòîäiâ äëÿ ðîçâ'ÿçóâàííÿ ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü, ïðî-
âåäåíî ÷èñåëüíèé åêñïåðèìåíò. Îäåðæàíi ðåçóëüòàòè ñâiä÷àòü ïðî äîñòîâiðíiñòü
ïîáóäîâàíîãî àëãîðèòìó.
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Many physical processes are described by the Helmholtz equation. By adding the
Dirichlet, Neumann, or Robin boundary conditions, the corresponding problems are ob-
tained. An e�ective method for solving such boundary problems is the �nite di�erence
method. In this paper, we consider a Dirichlet problem for the Helmholtz equation. A
�nite di�erence approximate scheme of the higher-order was constructed. For �rst- and
second-order derivatives the fourth-order �nite di�erence approximations are used. By
adding boundary conditions at the grid nodes, we obtain a system of di�erence equations
(a system of linear algebraic equations) with a symmetric matrix that has a diagonal ad-
vantage. Therefore, it is advisable to solve this system by iterative methods. In the paper,
the simple iterations method and Seidel method are used. They give an approximate solu-
tion with a given accuracy by a small number of iterations. A test problem with a constant
wave number and a known exact solution is considered. The di�erence equation and the
iterative formulas of the simple iterations method and Seidel method for this problem are
given. The results of numerical experiments, which con�rm the e�ciency of the method
and the theoretical order of convergence, are presented. The calculations are performed
under di�erent values of the wave number. Iterative processes are compared by the number
of iterations and the values of absolute errors.
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