
C.Øàõíî, Þ.Øóíüêií, Ã.ßðìîëà

40 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2019. Âèï. 27

ÓÄÊ 519.6

ÌÅÒÎÄ ÃÀÓÑÑÀ-ÍÜÞÒÎÍÀ-ÏÎÒÐÀ ÄËß
ÍÅËIÍIÉÍÈÕ ÇÀÄÀ× ÍÀÉÌÅÍØÈÕ ÊÂÀÄÐÀÒIÂ ÇÀ

ÓÇÀÃÀËÜÍÅÍÈÕ ÓÌÎÂ ËIÏØÈÖß

C.Øàõíî, Þ.Øóíüêií, Ã.ßðìîëà

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000, e-mail: stepan.shakhno@lnu.edu.ua,

yuriy.shunkin@lnu.edu.ua, halyna.yarmola@lnu.edu.ua

Äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ çàäà÷i ïðî íàéìåíøi êâàäðàòè ðîçãëÿíóòî ìåòîä

Ãàóññà-Íüþòîíà-Ïîòðà. Öåé ìåòîä âèêîðèñòîâó¹ çàìiñòü ìàòðèöi ßêîái ñóìó ïîõiäíî¨

âiä äèôåðåíöiéîâíî¨ ÷àñòèíè îïåðàòîðà òà êîìáiíàöiþ ïîäiëåíèõ ðiçíèöü ïåðøîãî

ïîðÿäêó âiä íåäèôåðåíöiéîâíî¨ ÷àñòèíè îïåðàòîðà. Îá ðóíòîâàíî ëîêàëüíó çáiæíiñòü

ìåòîäó çà óçàãàëüíåíèõ óìîâ Ëiïøèöÿ. Öi óìîâè çàìiñòü ñòàëî¨ Ëiïøèöÿ ìiñòÿòü

äåÿêó äîäàòíó iíòåãðîâíó ôóíêöiþ. Ç'ÿñîâàíî ïîðÿäîê çáiæíîñòi òà ïðîâåäåíî ÷èñå-

ëüíi åêñïåðèìåíòè äëÿ ïîðiâíÿííÿ îòðèìàíèõ ðåçóëüòàòiâ ç iíøèìè âiäîìèìè

ìåòîäàìè.

Êëþ÷îâi ñëîâà: íåëiíiéíà çàäà÷à ïðî íàéìåíøi êâàäðàòè, äèôåðåíöiàëüíî-ðiçíèöåâèé

ìåòîä, ïîäiëåíi ðiçíèöi, øâèäêiñòü çáiæíîñòi, âiäõèë, óçàãàëüíåíi óìîâè Ëiïøèöÿ.

1. Âñòóï

Iñíó¹ áàãàòî ðiçíèõ ìîäåëåé ôiçè÷íèõ ïðîöåñiâ, ÿêi çâîäÿòüñÿ äî íåëiíiéíèõ çàäà÷
ïðî íàéìåíøi êâàäðàòè. Çàçâè÷àé âîíè âèíèêàþòü ó âèïàäêàõ ìîäåëþâàííÿ, àáî
îöiíêè ôiçè÷íèõ ïðîöåñiâ íà ïiäñòàâi çíà÷åíü, ÿêi îòðèìàëè â ðåçóëüòàòi âèìiðþâàíü,
à òàêîæ äëÿ ïîáóäîâè ðåãðåñiéíèõ ìîäåëåé.

Âiäîìèìè ìåòîäàìè ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ çàäà÷i ïðî íàéìåíøi êâàäðàòè ¹
ìåòîä Ãàóññà�Íüþòîíà [1, 2, 9, 11, 12] òà äåÿêi éîãî ìîäèôiêàöi¨ [1, 8, 9, 17]. Îäíàê
ìåòîäè òèïó Ãàóññà-Íüþòîíà âèêîðèñòîâóþòü ïîõiäíó âiä ôóíêöi¨ âiäõèëó F . Îñ-
êiëüêè òàêó ôóíêöiþ ìîæåìî îòðèìàòè íà ïiäñòàâi âèìiðþâàíü, åêñïåðèìåíòó
÷è îá÷èñëåííÿ, òî íà ïðàêòèöi ìîæíà ÷àñòî íàòðàïèòè íà ïðîáëåìó îá÷èñëåííÿ
ïîõiäíî¨ âiä ôóíêöi¨ âiäõèëó. Â òàêèõ âèïàäêàõ ìîæíà çàñòîñóâàòè iòåðàöiéíî-
ðiçíèöåâi ìåòîäè, ÿêi íå ïîòðåáóþòü îá÷èñëåííÿ ìàòðèöi ïîõiäíèõ, íàïðèêëàä,
ìåòîäè òèïó õîðä, òèïó Êóð÷àòîâà ÷è òèïó Ïîòðà [1, 8, 9, 17].

Iíêîëè íåëiíiéíà ôóíêöiÿ ñêëàäà¹òüñÿ ç äèôåðåíöiéîâíî¨ òà íåäèôåðåíöiéîâíî¨
÷àñòèí. Íåçâàæàþ÷è íà çàñòîñîâíiñòü iòåðàöiéíî-ðiçíèöåâèõ ìåòîäiâ, âàæëèâî âðà-
õóâàòè ñïåöèôiêó òàêî¨ ôóíêöi¨. Öå äàñòü çìîãó åôåêòèâíiøå ðîçâ'ÿçàòè çàäà÷ó.
Çîêðåìà, ìîæíà âèêîðèñòîâóâàòè êîìáiíîâàíi ìåòîäè, ÿêi âèêîðèñòîâóþòü ñóìó
ïîõiäíî¨ âiä äèôåðåíöiéîâíî¨ ÷àñòèíè òà ïîäiëåíî¨ ðiçíèöi âiä íåäèôåðåíöiéîâíî¨
÷àñòèíè ôóíêöi¨. Ìåòîäè, ÿêi âèêîðèñòîâóþòü äåêîìïîçèöiþ íåëiíiéíîãî îïåðàòîðà,
äîáðå çàðåêîìåíäóâàëè ñåáå äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ ðiâíÿíü. Ç òàêèìè ìåòî-
äàìè ìîæíà îçíàéîìèòèñü ó ïðàöÿõ [5, 6, 9, 10,15,18].
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2. Ôîðìóëþâàííÿ çàäà÷i

Ðîçãëÿíåìî íåëiíiéíó çàäà÷ó ïðî íàéìåíøi êâàäðàòè [4]

min
x∈Rp

1

2
(F (x) +G(x))T (F (x) +G(x)), (1)

äå ôóíêöiÿ âiäõèëó F + G : D ⊆ Rp → Rm (m ≥ p) íåëiíiéíà ïî x; F � íåïåðåðâíî
äèôåðåíöiéîâíà ôóíêöiÿ; G � íåïåðåðâíà ôóíêöiÿ, äèôåðåíöiéîâíîñòi ÿêî¨ çàãàëîì
íå ïîòðåáó¹òüñÿ.

Ó ïðàöÿõ [4, 7, 14] âèâ÷àëè ìåòîäè äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíî¨ çàäà÷i ïðî íàé-
ìåíøi êâàäðàòè, ÿêi ¹ êîìáiíàöi¹þ ìåòîäó Ãàóññà-Íüþòîíà òà ðiçíèöåâèõ ìåòîäiâ
òèïó õîðä i òèïó Êóð÷àòîâà.

Ó [16] äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i (1) çàïðîïîíîâàíî ìåòîä, ÿêèé ¹ êîìái-
íàöi¹þ ìåòîäó Ãàóññà-Íüþòîíà [2] òà ìåòîäó òèïó Ïîòðà [17]

xk+1 = xk − (AT
kAk)

−1AT
k (F (xk) +G(xk)),

Ak = F ′(xk) +G(xk, xk−1) +G(xk−2, xk)−G(xk−2, xk−1), k ≥ 0.
(2)

Òóò F ′(xk) � ïîõiäíà Ôðåøå âiä F (x) â òî÷öi xk; G(xk, xk−1), G(xk−2, xk),
G(xk−2, xk−1) � ïîäiëåíi ðiçíèöi ïåðøîãî ïîðÿäêó ôóíêöi¨ G(x) [3] â òî÷êàõ xk, xk−1,
xk−2; x0, x−1, x−2 � çàäàíi ïî÷àòêîâi íàáëèæåííÿ.

Çàóâàæèìî, ùî ó âèïàäêó m = p ìåòîä (2) áóäå çáiãàòèñÿ ç ìåòîäîì Íüþòîíà-
Ïîòðà äëÿ íåëiíiéíèõ ðiâíÿíü [6], ÿêèé ¹ êîìáiíàöi¹þ êëàñè÷íîãî ìåòîäó Íüþòîíà
òà ìåòîäó Ïîòðà [13].

Ìè ïðîâîäèìî äîñëiäæåííÿ ìåòîäó (2) çà áiëüø øèðîêèõ, óçàãàëüíåíèõ óìîâ
Ëiïøèöÿ. Ïîçíà÷èìî Ω(x∗, r) = {x ∈ D : ∥x − x∗∥ < r} âiäêðèòó êóëþ ç öåíòðîì â
x∗ ∈ D i ðàäióñîì r.

3. Àíàëiç ëîêàëüíî¨ çáiæíîñòi ìåòîäó (2)

Ðîçãëÿíåìî äåêiëüêà äîïîìiæíèõ ëåì, ÿêi áóäóòü ïîòðiáíi äàëi.
Ëåìà 1. Íåõàé e(t) =

∫ t

0
E(u)du, äå E � iíòåãðîâíà äîäàòíà íåñïàäíà ôóíêöiÿ

íà [0, T ]. Òîäi e(t) � ìîíîòîííî çðîñòàþ÷à ïî t íà (0, T ].

Ëåìà 2. [12, 20] Íåõàé h(t) = 1
t

∫ t

0
H(u)du, äå H � iíòåãðîâíà äîäàòíà íåñïàäíà

ôóíêöiÿ íà [0, T ]. Òîäi h(t) íåñïàäíà ïî t íà (0, T ].

Ëåìà 3. [19] Íåõàé s(t) = 1
t2

∫ t

0
S(u)udu, äå S � iíòåãðîâíà äîäàòíà ôóíêöiÿ íà

[0, T ]. Òîäi s(t) � íåñïàäíà ïî t íà (0, T ].
Äîñëiäæåííÿ ëîêàëüíî¨ çáiæíîñòi òà ïîðÿäêó çáiæíîñòi iòåðàöiéíîãî ïðîöåñó (2)

ç âèêîðèñòàííÿì åâêëiäîâî¨ íîðìè çà óçàãàëüíåíèõ óìîâ Ëiïøèöÿ [14] íàâåäåíî â
òåîðåìi 4.

Òåîðåìà 4. Íåõàé F +G : IRp → IRm , m ≥ p � íåïåðåðâíà ôóíêöiÿ, ïðè÷îìó F
� äèôåðåíöiéîâíà çà Ôðåøå, G � íåïåðåðâíà íà ïiäìíîæèíi D ⊆ IRp . Ïðèïóñòèìî,
ùî çàäà÷à (1) ìà¹ ðîçâ'ÿçîê x∗ ∈ D òà iñíó¹ îáåðíåíèé îïåðàòîð (AT

∗ A∗)
−1, äå

A∗ = F ′(x∗) + G(x∗, x∗) i ∥(AT
∗ A∗)

−1∥ ≤ B. Ïðèïóñòèìî, ùî ïîõiäíà Ôðåøå F ′(x)
çàäîâîëüíÿ¹ òàêó óìîâó Ëiïøèöÿ â D:

∥F ′(x)− F ′(xτ )∥ ≤
∫ ρ(x)

τρ(x)

L(u)du, xτ = x∗ + τ(x− x∗), 0 ≤ τ ≤ 1, (3)
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ôóíêöiÿ G ìà¹ ïîäiëåíi ðiçíèöi ïåðøîãî òà äðóãîãî ïîðÿäêó G(·, ·) òà G(·, ·, ·),
ïðè÷îìó

∥G(x, y)−G(u, v)∥ ≤
∫ ∥x−y∥+∥u−v∥

0

M(u)du,

∥G(u, x, y)−G(v, x, y)∥ ≤
∫ ∥u−v∥

0

N(u)du,

(4)

äëÿ âñiõ x, y, u, v ∈ D, ρ(x) = ∥x − x∗∥; L,M i N � äîäàòíi íåñïàäíi ôóíêöi¨ íà
[0; 2R], R > 0.

Áiëüøå òîãî,

∥F (x∗) +G(x∗)∥ ≤ η, ∥F ′(x∗) +G(x∗, x∗)∥ ≤ α;

B

R

(∫ R

0

L(u)du+ 2

∫ R

0

M(u)du

)
η < 1

i Ω = Ω(x∗, r∗) ⊂ D, äå r∗ � ¹äèíèé äîäàòíèé êîðiíü ðiâíÿííÿ q(r) = 0, äå ôóíêöiÿ
q çàäàíà ðiâíiñòþ

q(r) = B
[[
α+

∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du
]
×

×
[ ∫ r

0

L(u)udu+ 2

∫ r

0

M(u)du+ 2r

∫ 2r

0

N(u)du]+

+
1

r

[ ∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du
]
η
]
+

+B

[
2α+

∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du

]
×

×
[∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du

]
− 1.

Òîäi äëÿ x0, x−1, x−2 ∈ Ω iòåðàöiéíèé ïðîöåñ (2) êîðåêòíî âèçíà÷åíèé, ãåíåðî-
âàíà íèì ïîñëiäîâíiñòü {xk}, k = 1, 2, ... íàëåæèòü Ω, çáiãà¹òüñÿ äî ðîçâ'ÿçêó x∗ i
âèêîíó¹òüñÿ îöiíêà

∥xk+1 − x∗∥ ≤ C1∥xk−1 − x∗∥+ C2∥xk − x∗∥+
+C3∥xk − x∗∥2 + C4∥xk−2 − x∗∥∥xk−1 − x∗∥∥xk − x∗∥,

(5)

äå

C1 = g(r∗)η

∫ 2r∗

0

N(u)du, C2 =
g(r∗)η

r∗

(∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du
)
,

C3 =
g(r∗)T (r∗)

r∗

(∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du
)
+

2αg(r∗)

r∗

∫ r∗

0

M(u)du,

C4 =
g(r∗)T (r∗)

r∗

∫ 2r∗

0

N(u)du+ αg(r∗)
( 1

r2∗

∫ r∗

0

L(u)udu+
2

r∗

∫ 2r∗

0

N(u)du
)
,

g(r) = B
(
1−B

[
2α+

∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du
]
×
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×
[ ∫ r

0

L(u)du+ 2

∫ r

0

M(u)du+ r

∫ 2r

0

N(u)du
])−1

,

T (r) =

∫ r

0

L(u)udu+ 2

∫ r

0

M(u)du+ 2r

∫ 2r

0

N(u)du.

Äîâåäåííÿ. Çà ïðàâèëîì Ëîïiòàëÿ

lim
r→0

1

r

∫ r

0

L(u)du = lim
r→0

L(r)

1
= L(0), lim

r→0

1

r

∫ r

0

M(u)du = lim
r→0

M(r)

1
= M(0).

Âðàõóâàâøè ëåìó 1, äëÿ äîñèòü ìàëîãî η, q(0) = B(L(0)+2M(0))η−1 < 0. Çà äîñèòü
âåëèêîãî R ñïðàâäæó¹òüñÿ íåðiâíiñòü q(R) > 0. Âðàõóâàâøè òåîðåìó ïðî ñåðåäí¹
çíà÷åííÿ, ôóíêöiÿ q ìà¹ äîäàòíèé êîðiíü íà (0, R), ïîçíà÷èìî éîãî r∗. Áiëüøå òîãî,
öåé êîðiíü ¹äèíèé íà (0, R).

Çâiäñè, çãiäíî ç ëåìîþ 2, ôóíêöiÿ ( 1r
∫ r

0
L(u)du+ 1

r

∫ r

0
M(u)du)η íåñïàäíà ïî r íà

(0, R]. Çà ëåìîþ 1 ôóíêöi¨
∫ r

0
L(u)du,

∫ r

0
M(u)du i

∫ 2r

0
N(u)du ìîíîòîííî çðîñòàþ÷i

íà (0, R]. Òàêîæ çà ëåìîþ 3 ôóíêöiÿ
∫ r

0
L(u)udu = r2( 1

r2

∫ r

0
L(u)udu) ìîíîòîííî

çðîñòàþ÷à ïî r íà (0, R]. Îòæå, q(r) ìîíîòîííî çðîñòàþ÷à íà (0, R], à îòæå, ¨¨
ãðàôiê ïåðåòèíà¹ äîäàòíó r-âiñü ëèøå îäèí ðàç íà (0, R].

Ïîçíà÷èìî Ak = F ′(xk)+G(xk, xk−1)+G(xk−2, xk)−G(xk−2, xk−1). Íåõàé k = 0,
òîäi îòðèìà¹ìî òàêó íåðiâíiñòü

∥I − (AT
∗ A∗)

−1AT
0 A0∥ = ∥(AT

∗ A∗)
−1(AT

∗ A∗ −AT
0 A0)∥ =

= ∥(AT
∗ A∗)

−1(AT
∗ (A∗ −A0) + (AT

∗ −AT
0 )(A0 −A∗) + (AT

∗ −AT
0 )A∗)∥ ≤

≤ ∥(AT
∗ A∗)

−1∥(∥AT
∗ ∥∥A∗ −A0∥+ ∥AT

∗ −AT
0 ∥∥A0 −A∗∥+ ∥AT

∗ −AT
0 ∥∥A∗∥) ≤

≤ B(α∥A∗ −A0∥+ ∥AT
∗ −AT

0 ∥∥A0 −A∗∥+ α∥AT
∗ −AT

0 ∥).

(6)

Âðàõóâàâøè óìîâè (3), (4), îòðèìà¹ìî

∥A0 −A∗∥ = ∥F ′(x0) +G(x0, x−1) +G(x−2, x0)−

−G(x−2, x−1)− F ′(x∗)−G(x∗, x∗)∥ =

= ∥F ′(x0)− F ′(x∗)− (G(x∗, x∗)−G(x0, x
∗) + (G(x−2, x

∗)−G(x−2, x0))+

+(G(x0, x
∗, x−1)−G(x−2, x

∗, x−1))(x
∗ − x−1))∥ ≤

≤
∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du,

(7)

äå ρk = ρ(xk). Òîäi ç íåðiâíîñòi (6), îöiíêè (7) òà ðiâíÿííÿ q(r) = 0, îäåðæó¹ìî

∥I − (AT
∗ A∗)

−1AT
0 A0∥ ≤

≤ B[2α+

∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du]×

×[

∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du] ≤

≤ B

[
2α+

∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du

]
×

×
[∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du

]
< 1.

(8)
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Äàëi çà òåîðåìîþ Áàíàõà ïðî îáåðíåíèé îïåðàòîð [2] i (8), ìàòèìåìî, ùî îïåðàòîð
(AT

0 A0)
−1 iñíó¹ i

∥(AT
0 A0)

−1∥ ≤ g0 = B
(
1−B

[
2α+

∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+

+ρ−1

∫ ρ−2+ρ0

0

N(u)du
]
×

×
[ ∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du
])−1

≤

≤ g(r∗) = B
(
1−B

[
2α+

∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
]
×

×
[ ∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
])−1

.

Îòæå, iòåðàöiÿ x1 êîðåêòíî âèçíà÷åíà. Äàëi çàïèøåìî

∥x1 − x∗∥ = ∥x0 − x∗ − (AT
0 A0)

−1(AT
0 (F (x0) +G(x0))−AT

∗ (F (x∗) +G(x∗)))∥ ≤

≤ ∥ − (AT
0 A0)

−1∥∥ −AT
0 (A0 −

1∫
0

F ′(x∗ + t(x0 − x∗))dt−

−G(x0, x
∗))(x0 − x∗) + (AT

0 −AT
∗ )(F (x∗) +G(x∗))∥.

Ç óìîâ (3), (4) i íåðiâíîñòåé

∥A0 −
1∫

0

F ′(x∗ + t(x0 − x∗))dt−G(x0, x
∗)∥ =

= ∥F ′(x0)−
1∫

0

F ′(x∗ + t(x0 − x∗))dt+

+G(x0, x−1) +G(x−2, x0)−G(x−2, x−1)−G(x0, x
∗)∥ ≤

≤
∫ 1

0

∫ ρ0

tρ0

L(u)dudt+

∫ ρ0

0

M(u)du+ (ρ0 + ρ−1)

∫ ρ0+ρ−2

0

N(u)du =

=

∫ ρ0

0

L(u)udu+

∫ ρ0

0

M(u)du+ (ρ0 + ρ−1)

∫ ρ0+ρ−2

0

N(u)du,

∥A0∥ ≤ ∥A∗ +A0 −A∗∥ ≤ ∥A∗∥+ ∥A0 −A∗∥ ≤

≤ α+

∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du

îòðèìà¹ìî

∥x1 − x∗∥ ≤ g0

[[
α+

∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du
]
×

×
[ ∫ ρ0

0

L(u)udu+ 2

∫ ρ0

0

M(u)du+ (ρ0 + ρ−1)

∫ ρ0+ρ−2

0

N(u)du
]
∥x0 − x∗∥+
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+η
[ ∫ ρ0

0

L(u)du+ 2

∫ ρ0

0

M(u)du+ ρ−1

∫ ρ−2+ρ0

0

N(u)du
]]

≤

≤ g(r∗)
[[
α+

∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
]
×

×
[ ∫ r∗

0

L(u)udu+ 2

∫ r∗

0

M(u)du+ 2r∗

∫ 2r∗

0

N(u)du]+

+
1

r∗

[ ∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
]
η
]
r∗.

Ïðèïóñòèìî, ùî xk ∈ Ω äëÿ k ≥ 0 i âèêîíó¹òüñÿ îöiíêà (5). Äîâåäåìî, ùî
xk+1 ∈ Ω i ñïðàâäæó¹òüñÿ îöiíêà (5).

Çãiäíî ç (3) i (4), âèçíà÷èìî

∥I − (AT
∗ A∗)

−1AT
kAk∥ ≤

≤ B[2α+

∫ ρk

0

L(u)du+ 2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du]×

×[

∫ ρk

0

L(u)du+ 2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du] ≤

≤ B

[
2α+

∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du

]
×

×
[∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du

]
< 1.

Îòæå, (AT
kAk)

−1 iñíó¹ i

∥(AT
kAk)

−1∥ ≤ gk = B
(
1−B

[
2α+

∫ ρk

0

L(u)du+

+2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du
]
×

×
[ ∫ ρk

0

L(u)du+ 2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du
])−1

≤ g(r∗).

Çâiäñè

∥xk+1 − x∗∥ ≤ gk

[[
α+

∫ ρk

0

L(u)du+ 2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du
]
×

×
[ ∫ ρk

0

L(u)udu+ 2

∫ ρk

0

M(u)du+ (ρk + ρk−1)

∫ ρk+ρk−2

0

N(u)du
]
∥xk − x∗∥+

+η
[ ∫ ρk

0

L(u)du+ 2

∫ ρk

0

M(u)du+ ρk−1

∫ ρk−2+ρk

0

N(u)du
]]

≤

≤ g(r∗)
[[
α+

∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
]
×

×
[ ∫ r∗

0

L(u)udu+ 2

∫ r∗

0

M(u)du+ 2r∗

∫ 2r∗

0

N(u)du]+

+
1

r∗

[ ∫ r∗

0

L(u)du+ 2

∫ r∗

0

M(u)du+ r∗

∫ 2r∗

0

N(u)du
]
η
]
r∗.
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i xk+1 ∈ Ω.
Òîìó iòåðàöiéíèé ïðîöåñ (2) êîðåêòíî âèçíà÷åíèé, xk+1 ∈ Ω äëÿ k ≥ 0 i

ñïðàâäæó¹òüñÿ îöiíêà (5) äëÿ âñiõ k ≥ 0.
Çàëèøèëîñü äîâåñòè, ùî xk → x∗ ïðè k → ∞. Âèçíà÷èìî ôóíêöi¨ a, b íà [0, r∗]

a(r) = C2 + C3r + C4r
2,

b(r) = C1.
(9)

Çãiäíî ç âèáîðîì r∗, îòðèìà¹ìî

a(r∗) ≥ 0, b(r∗) ≥ 0, a(r∗) + b(r∗) = 1. (10)

Âèêîðèñòîâóþ÷è îöiíêó (5), îçíà÷åííÿ ôóíêöié a, b i ñòàëèõ Ci (i = 1, . . . , 4),
îäåðæèìî

∥xk+1 − x∗∥ ≤ C1∥xk−1 − x∗∥+ C2∥xk − x∗∥+
+C3∥xk − x∗∥2 + C4∥xk−2 − x∗∥∥xk−1 − x∗∥∥xk − x∗∥ ≤

≤ a(r∗)∥xk − x∗∥+ b(r∗)∥xk−1 − x∗∥.
(11)

ßê äîâåäåíî â [9], çà óìîâ (9)�(11), ïîñëiäîâíiñòü {xk} çáiãà¹òüñÿ äî x∗

ïðè k → ∞. �
Íàñëiäîê 5. Ïîðÿäîê çáiæíîñòi iòåðàöiéíîãî ïðîöåñó (2) ó âèïàäêó íóëüîâîãî

âiäõèëó ñòàíîâèòü 1,839...
Ñïðàâäi, ÿêùî η = 0, òî C1 = C2 = 0 i

∥xk+1 − x∗∥ ≤ C3∥xk − x∗∥2 + C4∥xk−2 − x∗∥∥xk−1 − x∗∥∥xk − x∗∥ (12)

Ç íåðiâíîñòi (12) âèïëèâà¹, ùî iñíó¹ êîíñòàíòà C i íàòóðàëüíå ÷èñëî N òàêi, ùî

∥xk+1 − x∗∥ ≤ C∥xk−2 − x∗∥∥xk−1 − x∗∥∥xk − x∗∥, k ≥ N,

çâiäêè îòðèìó¹ìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ ïîðÿäêó çáiæíîñòi t3 − t2 − t − 1 = 0.
Äîäàòíèì êîðåíåì öüîãî ðiâíÿííÿ ¹ t∗ = 1, 839..., ïîðÿäîê çáiæíîñòi ìåòîäó (2).

4. ×èñåëüíi åêñïåðèìåíòè

Ìè ïîðiâíÿëè øâèäêîñòi çáiæíîñòi ìåòîäó (2) i ìåòîäiâ òèïó Ïîòðà [17]

xk+1 = xk − (AT
kAk)

−1AT
k (F (xk) +G(xk)), k = 0, 1, 2, ...,

Ak = F (xk, xk−1) + F (xk−2, xk)− F (xk−2, xk−1)+

+G(xk, xk−1) +G(xk−2, xk)−G(xk−2, xk−1), k = 0, 1, 2, ...

(13)

i òèïó õîðä [17]

xk+1 = xk − (AT
kAk)

−1AT
k (F (xk) +G(xk)),

Ak = F (xk, xk−1) +G(xk, xk−1), k = 0, 1, 2, ...
(14)

Ïîçíà÷èìî f(x) =
1

2
(F (x) + G(x))T (F (x) + G(x)). Òåñòóâàííÿ ïðîâîäèëè íà

íåëiíiéíèõ çàäà÷àõ ç íóëüîâèì i íåíóëüîâèì âiäõèëàìè.
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Òàáëèöÿ 1

Êiëüêiñòü iòåðàöié, çà ÿêi îòðèìàíî ðîçâ'ÿçîê

Ïðèêëàä (x0, y0)
Ìåòîä

(2) (13) (14)
(1, 0.5) 5 5 6

1 (5, 2.5) 11 14 15
(10, 5) 14 19 19

(0.6, 0.4) 14 14 18
2 (3, 2) 19 21 26

(6, 4) 21 25 30

Ïðèêëàä 1. [4]

F1(x, y) = 3x2y + y2 − 1 + |x− 1|,
F2(x, y) = x4 + xy3 + |y|,
z∗ = (x∗, y∗) ≈ (0.89465537, 0.32782652), f(z∗) = 0.

Ïðèêëàä 2. [4]

F1(x, y) = 3x2y + y2 − 1 + |x− 1|,
F2(x, y) = x4 + xy3 + |y|,
F3(x, y) = |x2 − y|,
z∗ = (x∗, y∗) ≈ (0.74862800, 0.43039151), f(z∗) ≈ 4.0469349 · 10−2.

Ðåçóëüòàòè øóêàëè ç òî÷íiñòþ ε = 10−8

||xk+1 − xk|| ≤ ε.

Äîäàòêîâi òî÷êè ïî÷àòêîâîãî íàáëèæåííÿ îá÷èñëþâàëè çà ôîðìóëàìè

(x−1, y−1) = (x0 − 10−4, y0 − 10−4),
(x−2, y−2) = (x0 − 2 · 10−4, y0 − 2 · 10−4).

5. Âèñíîâêè

Äîñëiäæåíî ëîêàëüíó çáiæíiñòü ìåòîäó Ãàóññà-Íüþòîíà-Ïîòðà äëÿ ðîçâ'ÿçóâàí-
íÿ íåëiíiéíèõ çàäà÷ ïðî íàéìåíøi êâàäðàòè ç äåêîìïîçèöi¹þ îïåðàòîðà çà óçàãàëü-
íåíèõ óìîâ Ëiïøèöÿ. Âèçíà÷åíî ïîðÿäîê i ðàäióñ çáiæíîñòi öüîãî ìåòîäó. Îòðèìàíi
÷èñåëüíi ðåçóëüòàòè äåìîíñòðóþòü, ùî êîìáiíîâàíèé ìåòîä Ãàóññà-Íüþòîíà-Ïîòðà
(2) åôåêòèâíiøèé, íiæ iòåðàöiéíî-ðiçíèöåâi ìåòîäè.
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There are a lot of di�erent physical processes modeling of which lead us to a nonlinear

least squares problems. Usually, they arise in cases of modeling or evaluating physical pro-

cesses by values obtained as a result of measurements. In this article, we consider problems

in which the nonlinear function consists of a di�erentiable and nondi�erentiable part. For

numerical solving such nonlinear least-squares problems, we proposed the Gauss-Newton-

Potra method. Since the full Jacobian does not exist, this method uses instead of Jacobian

the sum of the derivative of the di�erentiable part of the operator and the combination

of �rst-order divided di�erences of the nondi�erentiable part of the operator. The local

convergence analysis of the method is conducted under the generalized Lipschitz conditions

for �rst-order derivatives and �rst- and second-order divided di�erences. These conditions,

instead of Lipschitz constant, contain some positive integrable function. The classical Lip-

schitz conditions are a partial case of the generalized Lipschitz conditions. An equation for

the radius of convergence domain and error estimates were obtained. A convergence order

of the method in case of zero residual was established. We carry out numerical experiments

on a set of test problems and compare results with other known methods by the number

of iterations. The obtained results show that the Gauss-Newton-Potra method is more

e�cient than iterative-di�erence methods.
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