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Ó çâ'ÿçêó ç ðîçâèòêîì ñó÷àñíèõ íàïðÿìiâ íàóêè òà òåõíiêè âèíèêëà ïîòðåáà
îá÷èñëþâàòè íå òiëüêè íàáëèæåíi ðîçâ'ÿçêè ðiçíèõ ïðèêëàäíèõ çàäà÷, à é ãàðàíòîâàíi
îöiíêè ¨õíüî¨ áëèçüêîñòi äî òî÷íèõ ðîçâ'ÿçêiâ. Òîìó iíòåðåñ äî ïèòàíü äâîñòîðîííiõ
îöiíîê ÿê äî ìîæëèâèõ çàñîáiâ îöiíêè ïîõèáè îñòàííiì ÷àñîì çðîñòà¹.

Âèêîðèñòàííÿ òðàäèöiéíèõ äâîñòîðîííiõ ìåòîäiâ Ðóíãå-Êóòòà ðiçíèõ ïîðÿäêiâ
òî÷íîñòi äëÿ ÷èñåëüíîãî ðîçâ'ÿçàííÿ çàäà÷i Êîøi ïðèâîäèòü äî ñóòò¹âîãî çáiëüøåííÿ
îáñÿãó îá÷èñëåíü, áî ïîáóäîâà âåðõíiõ i íèæíiõ íàáëèæåíü äî òî÷íîãî ðîçâ'ÿçàí-
íÿ ïîòðåáó¹ äîäàòêîâèõ çâåðòàíü (îá÷èñëåíü) äî ïðàâî¨ ÷àñòèíè äèôåðåíöiàëüíîãî
ðiâíÿííÿ i, êðiì òîãî, â öèõ ìåòîäàõ íåìà¹ îöiíîê ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè.

Äðîáîâî-ðàöiîíàëüíi íàáëèæåííÿ îòðèìàëè øèðîêå çàñòîñóâàííÿ â ïðèêëàäíié
ìàòåìàòèöi, áî âîíè çà âiäïîâiäíèõ óìîâ äàþòü âèñîêó øâèäêiñòü çáiæíîñòi, ìîíîòîí-
íi òà äâîñòîðîííi íàáëèæåííÿ, ìàþòü ñëàáêó ÷óòëèâiñòü äî ïîõèáêè îêðóãëåííÿ.

Âèâåäåíî ìåòîäè òèïó Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi äëÿ ðîçâ'ÿçàí-
íÿ ïî÷àòêîâî¨ çàäà÷i äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi  ðóíòóþòüñÿ íà
âèêîðèñòàííi ëàíöþãîâèõ äðîáiâ. Çàïðîïîíîâàíî òàêîæ ðîçðàõóíêîâi ôîðìóëè òðå-
òüîãî ïîðÿäêó òî÷íîñòi, ÿêi íà êîæíîìó êðîöi iíòåãðóâàííÿ äàþòü çìîãó áåç äîäàòêî-
âèõ çâåðòàíü äî ïðàâî¨ ÷àñòèíè äèôåðåíöiàëüíîãî ðiâíÿííÿ îòðèìàòè íå òiëüêè âåðõíi
i íèæíi íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó, à òàêîæ äàþòü iíôîðìàöiþ ïðî âåëè÷èíó
ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè. Äëÿ ïðàêòè÷íî¨ îöiíêè ïîõèáêè íà êîæíîìó
êðîöi iíòåãðóâàííÿ ó âèïàäêó âèêîðèñòàííÿ îäíîñòîðîííiõ ôîðìóë òèïó Ðóíãå-Êóòòà
÷åòâåðòîãî ïîðÿäêó òî÷íîñòi çàñòîñîâóþòü äâîñòîðîííi îá÷èñëþâàëüíi ôîðìóëè òðå-
òüîãî ïîðÿäêó. Çàóâàæèìî, ùî ó ðàçi âèêîðèñòàííÿ çàïðîïîíîâàíèõ ðîçðàõóíêî-
âèõ ôîðìóë ó êîæíîìó âóçëi ñiòêè áóäóòü îòðèìàíi êiëüêà íàáëèæåíü äî òî÷íîãî
ðîçâ'ÿçêó, ïîðiâíÿííÿ ÿêèõ äà¹ êîðèñíó iíôîðìàöiþ, çîêðåìà, ùîäî âèáîðó êðîêó
iíòåãðóâàííÿ àáî äëÿ îöiíêè òî÷íîñòi ðåçóëüòàòó.

Êëþ÷îâi ñëîâà: çàäà÷à Êîøi, ëàíöþãîâi äðîáè, ÷èñåëüíi ìåòîäè, íåëiíiéíi ìåòîäè,
äâîñòîðîííÿ àïðîêñèìàöiÿ.

1. Âñòóï

Ìàòåìàòè÷íi ìîäåëi áàãàòüîõ ïðèêëàäíèõ çàäà÷, çîêðåìà äëÿ ïðîåêòóâàííÿ ðà-
äiîåëåêòðîííèõ ñõåì, àâòîìàòè÷íèõ ñèñòåì óïðàâëiííÿ, ðîçðàõóíêó äèíàìiêè ìå-
õàíi÷íèõ ñèñòåì, çàäà÷i áàãàòîâèìiðíî¨ îïòèìiçàöi¨, êiíåòèêè, äîñëiäæåííÿ ôiçèêî-
õiìi÷íèõ, áiîëîãi÷íèõ òà åêîíîìi÷íèõ ïðîöåñiâ çâîäÿòüñÿ äî ðîçâ'ÿçàííÿ íåëiíiéíèõ
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü. Îñêiëüêè òî÷íi ðîçâ'ÿçêè òàêèõ çàäà÷ ìîæíà
çíàéòè â äóæå ÷àñòêîâèõ âèïàäêàõ, òî òðåáà âèêîðèñòîâóâàòè íàáëèæåíi ìåòîäè,
ïðè÷îìó ç ãàðàíòîâàíîþ îöiíêîþ ëîêàëüíî¨ ïîõèáêè.

Âèêîðèñòàííÿ òðàäèöiéíèõ äâîñòîðîííiõ ìåòîäiâ Ðóíãå-Êóòòà [1, c. 528-534], [3],
[4], [6, c. 109-112], [7, c. 57-72], [8, c. 262-270], [14] ïðèâîäèòü äî ñóòò¹âîãî çáiëüøåííÿ
îáñÿãó îá÷èñëåíü, îñêiëüêè ïîáóäîâà âåðõíiõ i íèæíiõ íàáëèæåíü ïîòðåáó¹ äîäàòêî-
âèõ çâåðòàíü äî ïðàâî¨ ÷àñòèíè äèôåðåíöiàëüíîãî ðiâíÿííÿ i, êðiì òîãî, â öèõ
ìåòîäàõ íåìà¹ îöiíêè ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè.

c⃝ ß.Ïåëåõ, I. Áóäç, À.Êóíèíåöü, Á.Ôiëü, 2019
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Åôåêòèâíèé ñïîñiá ïîáóäîâè òàêèõ íàáëèæåíü � ëàíöþãîâi (íåïåðåðâíi) äðîáè.
Ëàíöþãîâi äðîáè ìîæíà ðîçãëÿäàòè ÿê îäèí iç ñïîñîáiâ çíàõîäæåííÿ àïðîêñèìàöié
Ïàäå. Çà âiäïîâiäíèõ óìîâ, âèêîðèñòàííÿ íåïåðåðâíèõ äðîáiâ äà¹ âèñîêó øâèäêiñòü
çáiæíîñòi àëãîðèòìiâ, äâîñòîðîííi òà ìîíîòîííi íàáëèæåííÿ [2, 5, 11, 15]. Çà
äîïîìîãîþ íåïåðåðâíèõ äðîáiâ ìîæíà íàáëèæåíî îá÷èñëþâàòè çíà÷åííÿ áàãàòüîõ
ôóíêöié, äëÿ ÿêèõ ¨õíi ñòåïåíåâi ðÿäè çáiãàþòüñÿ äóæå ïîâiëüíî, àáî ðîçáiæíi.
Àïàðàò íåïåðåðâíèõ äðîáiâ ¹ îäíèì ç îñíîâíèõ ñïîñîáiâ îòðèìàííÿ äðîáîâî-ðàöiî-
íàëüíèõ íàáëèæåíü ôóíêöi¨. Â áàãàòüîõ âèïàäêàõ äîöiëüíî çà äîïîìîãîþ çàãàëüíî-
âiäîìèõ ñïîñîáiâ ïåðåõîäèòè âiä äðîáîâî ðàöiîíàëüíîãî íàáëèæåííÿ äî âiäïîâiäíîãî
ëàíöþãîâîãî äðîáó, äëÿ îá÷èñëåííÿ ÿêîãî òðåáà âèêîíàòè ìåíøó êiëüêiñòü àðèôìå-
òè÷íèõ îïåðàöié, íiæ äëÿ îá÷èñëåííÿ äðîáîâî-ðàöiîíàëüíîãî íàáëèæåííÿ. Ïðîöåñ
îá÷èñëåííÿ íåïåðåðâíèõ äðîáiâ öèêëi÷íèé i ëåãêî ïðîãðàìó¹òüñÿ íà ÏÊ.

Ó ïðàöÿõ [17, 19, 20], âèêîðèñòîâóþ÷è ðiçíi àïðîêñèìàíòè Ïàäå, äîñëiäæóþòüñÿ
êîíêðåòíi ïðèêëàäíi çàäà÷i. Â [22] ïîáóäîâàíî íåÿâíi ÷èñåëüíi ìåòîäè äðóãîãî
ïîðÿäêó òî÷íîñòi ç ìiíiìàëüíîþ ïîõèáêîþ äèñêðåòèçàöi¨ i ¨õ çàñòîñîâàíî äëÿ àíàëiçó
äèíàìi÷íèõ ñèñòåì, à â [21] ïîáóäîâàíî äâîñòîðîííié àëãîðèòì äðóãîãî ïîðÿäêó
òî÷íîñòi, ÿêèé  ðóíòó¹òüñÿ íà íåïåðåðâíèõ äðîáàõ. Ïîáóäîâà i çàñòîñóâàííÿ ÿâíèõ
îäíîêðîêîâèõ ìåòîäiâ äëÿ ðîçâ'ÿçàííÿ æîðñòêèõ ñèñòåì ïîäàíî â ïðàöÿõ [9, 10].

2. Ïîáóäîâà ìåòîäó ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi

Ðîçãëÿäà¹ìî çàäà÷ó Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

y′ = f (x, y) , y (x0) = y0, x ∈ [x0, x0 + L] , (1)

äå y(x) � äiéñíèé m-êîìïîíåíòíèé âåêòîð; f � äiéñíà âåêòîðíà ôóíêöiÿ çàëåæíî¨ òà
íåçàëåæíî¨ çìiííèõ, ïðè÷îìó ïðèïóñêà¹òüñÿ, ùî ôóíêöiÿ f âîëîäi¹ íåîáõiäíîþ äëÿ
âèêëàäîê ãëàäêiñòþ, L (L < ∞) � äîâæèíà ïðîìiæêó, íà ÿêîìó ïîòðiáíî çíàéòè
íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i Êîøi. Íå îáìåæóþ÷è çàãàëüíîñòi, áóäåìî øóêàòè
íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1) ó ñêàëÿðíîìó âèïàäêó, îñêiëüêè íà ñèñòåìè ðiâíÿíü
öÿ ìåòîäèêà ïåðåíîñèòüñÿ ïîêîìïîíåíòíî.

Âèêîðèñòîâóþ÷è òåîðiþ ïîáóäîâè îäíîêðîêîâèõ ìåòîäiâ [12, 13, 16, 18], íàáëèæå-
íèé ðîçâ'ÿçîê çàäà÷i Êîøi (1) çîáðàçèìî ó âèãëÿäi ëàíöþãîâîãî (íåïåðåðâíîãî)
äðîáó [21]

y
[k,l]
n+1 = yn/Dn, (2)

äå

Dn =

k−1∑
i=0

di,0 +
dk,0

1 +
dk,1

1 + . . . +
dk,l−1

1 + dk,l

.

Âèðàçè äëÿ dk,l ó âèïàäêó k + l = 1, 4 (k = 1, 4; l = 0, 3) íàáóâàþòü âèãëÿäó

d0,0 = 1, di,0 = −
i∑

m=1

di−m,0 ·
σm

yn
, i = 1, 4,

dν,1 = −dν+1,0

dν,0
, ν = 1, 3, dµ,2 = dµ+1,1 − dµ,1, µ = 1, 2,
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d1,3 = d1,2
d2,2
d1,2

, σm = h

4∑
i=1

amiki, (3)

ki = f(xn + αih, yn + h

i−1∑
j=1

βijkj), αi =

i−1∑
j=1

βij , yn ̸= 0.

Òóò h � êðîê iíòåãðóâàííÿ (h = xn+1−xn, n = 0, 1, 2, ...), aij , αi, βij � ïàðàìåòðè.
Ðîçâèíóâøè ôîðìóëó (2)-(3) â ðÿä ïî ñòåïåíÿõ h i ïðèðiâíÿâøè äî íóëÿ, êîåôiöi-

¹íòè ó ñòåïåíÿõ hi (i = 1, 4) , îòðèìà¹ìî óìîâè, ÿêi ìàþòü çàäîâîëüíÿòè ïàðàìåòðè
aij , αi, βij (i, j = 1, 4), ùîá

y (xn+1)− y
[k,l]
n+1 = O

(
h5
)
.

Öi ôîðìóëè äîïîìàãàþòü áóäóâàòè ÿâíi (βij = 0, ïðè i ≤ j) òà íåÿâíi ÷èñëîâi ìåòîäè.
Ðîçãëÿíåìî ïîáóäîâó ìåòîäó ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi äëÿ ÷èñåëüíîãî ðîç-

â'ÿçóâàííÿ çàäà÷i (1) ïðè k = 4, l = 0, òîáòî

y
[4,0]
n+1 =

yn
4∑

k=0

dk,0

, n = 0, 1, 2, ..., (4)

d0,0 = 1, dk,0 = −
k∑

m=1

dk−m,0 ·
σm

yn
, k = 1, 4, σm = h ·

4∑
i=1

amiki,

ki = f

xn + αih, yn + h

4∑
j=1

βijkj

 , αi =

4∑
j=1

βij , yn ̸= 0. (5)

Ïiäñòàâèâøè âèðàçè äëÿ dk,0
(
k = 0, 4

)
â (2), îäåðæèìî

y
[4,0]
n+1 =

P[4,0]

Q[4,0]
,

äå
P[4,0] = y5n,

Q[4,0] =y4n − hy3n

{
4∑

m=1

4∑
i=1

amiki

}
+ h2y2n


(

4∑
i=1

a1iki

)2

+2

(
4∑

i=1

a1iki

)(
4∑

i=1

a2iki +

4∑
i=1

a3iki

)
+

(
4∑

i=1

a2iki

)2


− h3yn


(

4∑
i=1

a1iki

)3

+ 3

(
4∑

i=1

a1iki

)2

·

(
4∑

i=1

a2iki

)+ h4

(
4∑

i=1

a1iki

)4

.

Ðîçâèíóâøè

ki = f

xn + αih, yn + h

4∑
j=1

βijkj

 (
i = 1, 4

)
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â ðÿä Òåéëîðà ïî ñòåïåíÿì h i ïîçíà÷èâøè

Dν =

(
∂

∂x
+ f

∂

∂y

)ν

,

îòðèìà¹ìî

4∑
i=1

amiki =

(
4∑

i=1

ami

)
f + h

(
4∑

i=1

amiαi

)
Df+

+ h2


 4∑

i=1

ami

4∑
j=1

βijαj

 ∂f

∂y
·Df +

(
4∑

i=1

ami
α2
i

2

)
D2f

+

+ h3


(

4∑
i=1

ami
α3
i

6

)
D3f +

 4∑
i=1

ami

4∑
j=1

βij

α2
j

2

 ∂f

∂y
·D2f+

+

 4∑
i=1

amiαi

4∑
j=1

βijαj

 ·Df ·D
(
∂f

∂y

)
+

+

 4∑
i=1

ami

4∑
l=1

βil

4∑
j=1

βljαj

 ·
(
∂f

∂y

)2

·Df

+O
(
h4
)
.

(6)

Ïiäñòàâèâøè (6) â Q[4,0], îäåðæèìî

Q[4,0] = y4n − hy3n · f

{
4∑

m=1

4∑
i=1

ami

}
+ h2

y2nf
2

( 4∑
i=1

a1i

)2

+

(
4∑

i=1

a2i

)2

+

+2

(
4∑

i=1

a1i

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)]
− y3n ·Df

(
4∑

m=1

4∑
i=1

amiαi

)}
+

+h3

{
2y2n · f ·Df

[(
4∑

i=1

a1i

)(
4∑

i=1

a1iαi +

4∑
i=1

a2iαi +

4∑
i=1

a3iαi

)
+

+

(
4∑

i=1

a2i

)(
4∑

i=1

a2iαi

)
+

(
4∑

i=1

a1iαi

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)]
−

−yn · f3

3( 4∑
i=1

a1i

)2( 4∑
i=1

a2i

)
+

(
4∑

i=1

a1i

)3
−

−y3n ·D2f ·

(
4∑

m=1

4∑
i=1

ami
α2
i

2

)
− y3n · ∂f

∂y
·Df ·

 4∑
m=1

4∑
i=1

ami

4∑
j=1

βijαj

+
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+ h4


( 4∑

i=1

a1iαi

)(
4∑

i=1

a1iαi + 2

4∑
i=1

a2iαi + 2

4∑
i=1

a3iαi

)
+

(
4∑

i=1

a2iαi

)2
 ×

× y2n · (Df)
2
+ 2

[(
4∑

i=1

a1i

)(
3∑

m=1

4∑
i=1

ami
α2
i

2

)
+

4∑
i=1

a2i

(
4∑

i=1

a2i
α2
i

2

)
+

+

(
4∑

i=1

a1i
α2
i

2

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)]
× y2n · f ·D2f+

+ 2

( 4∑
i=1

a1i

) 3∑
m=1

4∑
i=1

ami

4∑
j=1

βijαj

+

(
4∑

i=1

a2i

) 4∑
i=1

a2i

4∑
j=1

βijαj

+

+

 4∑
i=1

a2i

4∑
j=1

βijαj

( 4∑
i=1

a2i +

4∑
i=1

a3i

) y2n · f · ∂f
∂y

·Df−

− 3

( 4∑
i=1

a1i

)2( 4∑
i=1

a1iαi +

4∑
i=1

a2iαi

)
+ 2

(
4∑

i=1

a1i

)(
4∑

i=1

a2i

)(
4∑

i=1

a1iαi

)×

× yn · f2 ·Df +

(
4∑

i=1

a1iαi

)4

f4 −

(
4∑

m=1

4∑
i=1

ami
α3
i

6

)
y3n ·D3f−

−

 4∑
m=1

4∑
i=1

ami

4∑
j=1

βij

α2
j

2

 y3n · ∂f
∂y

·D2f −

 4∑
m=1

4∑
l=1

aml

4∑
i=1

βli

4∑
j=1

βijαj

×

×y3n ·
(
∂f

∂y

)2

·Df −

 4∑
m=1

4∑
i=1

amiαi

4∑
j=1

βijαj

 y3n ·Df ·D
(
∂f

∂y

)+O
(
h5
)
.

Çíàéäåìî ðiçíèöþ

y (xn+1) ·Q[4,0] − P[4,0] =

(
1−

4∑
m=1

4∑
i=1

ami

)
h · y4n · f+

+ h2

(
1

2
−

4∑
m=1

4∑
i=1

amiαi

)
· y4n ·Df + h2

( 4∑
i=1

a1i

)2

+

(
4∑

i=1

a2i

)2

+

+2

(
4∑

i=1

a1i

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)
−

4∑
m=1

4∑
i=1

ami

]
y3nf

2 + h3y4n ·D2f×

×

(
1

6
−

4∑
m=1

4∑
i=1

ami
α2
i

2

)
+ h3 · y4n · ∂f

∂y
·Df

1

6
−

4∑
m=1

4∑
i=1

ami

4∑
j=1

βijαj

+

+ y3n · f ·Df · h3

[
2

(
4∑

i=1

a1i

)(
3∑

m=1

4∑
i=1

amiαi

)
+ 2

(
4∑

i=1

a1iαi

)(
4∑

i=1

a2i+
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+

4∑
i=1

a3i

)
+ 2

(
4∑

i=1

a2i

)(
4∑

i=1

a2iαi

)
−

3∑
m=1

4∑
i=1

amiαi −
1

2

4∑
m=1

4∑
i=1

ami

]
+

+ h3 · y2n · f3

( 4∑
i=1

a1i

)2

+ 2

(
4∑

i=1

a1i

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)
+

(
4∑

i=1

a2i

)2

−

−

(
4∑

i=1

a1i

)3

− 3

(
4∑

i=1

a1i

)2( 4∑
i=1

a2i

)+ h4 · y4n ·D3f

(
1

24
−

4∑
m=1

4∑
i=1

ami
α3
i

6

)
+

+ h4 · y4n · ∂f
∂y

·D2f

 1

24
−

4∑
m=1

4∑
i=1

ami

4∑
j=1

βij

α2
j

2

+

+ h4

 1

24
−

4∑
m=1

4∑
l=1

aml

4∑
i=1

βli

4∑
j=1

βijαj

 y4n ·
(
∂f

∂y

)2

·Df+

+ h4

 3

24
−

4∑
m=1

4∑
i=1

amiαi

4∑
j=1

βijαj

 y4n ·Df ·D
(
∂f

∂y

)
+

+ h4

2( 4∑
i=1

a1i

) 3∑
m=1

4∑
i=1

ami

4∑
j=1

βijαj

+ 2

(
4∑

i=1

a2i

) 4∑
i=1

a2i

4∑
j=1

βijαj

+

+ 2

 4∑
i=1

a1i

4∑
j=1

βijαj

( 4∑
i=1

a2i +

4∑
i=1

a3i

)
−

3∑
m=1

4∑
i=1

ami

4∑
j=1

βijαj−

−1

6

(
4∑

m=1

4∑
i=1

ami

)]
y3n · f ·

(
∂f

∂y

)
·Df + h4

[
2

(
4∑

i=1

a2i

)(
4∑

i=1

a2i
α2
i

2

)
+

+ 2

(
4∑

i=1

a1i

)(
3∑

m=1

4∑
i=1

ami
α2
i

2

)
+ 2

(
4∑

i=1

a1i
α2
i

2

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)
−

−
4∑

m=1

4∑
i=1

ami
α2
i

2
− 1

6

4∑
m=1

4∑
i=1

ami

]
y3n · f ·D2f + h4

( 4∑
i=1

a1iαi

)2

+

+2

(
4∑

i=1

a1iαi

)(
4∑

i=1

a2iαi +

4∑
i=1

a3iαi

)
+

(
4∑

i=1

a2iαi

)2

− 1

2

4∑
m=1

4∑
i=1

amiαi

×

× y3n (Df)
2
+ h4

1
2

(
4∑

i=1

a1i

)2

+

(
4∑

i=1

a1i

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)
+

+
1

2

(
4∑

i=1

a2i

)2

− 3

(
4∑

i=1

a1i

)2( 4∑
i=1

a1iαi +

4∑
i=1

a2iαi

)
−

− 6

(
4∑

i=1

a1i

)(
4∑

i=1

a2i

)(
4∑

i=1

a1iαi

)
+ 2

(
4∑

i=1

a1i

)(
3∑

m=1

4∑
i=1

amiαi

)
+
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+2

(
4∑

i=1

a1iαi

)(
4∑

i=1

a2i +

4∑
i=1

a3i

)
+ 2

(
4∑

i=1

a2i

)(
4∑

i=1

a2iαi

)]
y2n · f2 ·Df+

+ h4 · yn · f4

( 4∑
i=1

a1i

)4

− 3

(
4∑

i=1

a1i

)2( 4∑
i=1

a2i

)
−

(
4∑

i=1

a1i

)3
+O

(
h5
)
. (7)

Ïðèðiâíÿâøè äî íóëÿ, êîåôiöi¹íòè ó ñòåïåíÿõ hi (i = 1, 4) , îòðèìà¹ìî óìîâè, ÿêi

ìàþòü çàäîâîëüíÿòè ïàðàìåòðè aij , αi, βij (i, j = 1, 4), ùîá y (xn+1)− y
[4,0]
n+1 = O(h5).

Íàâåäåìî çíàõîäæåííÿ êîåôiöi¹íòiâ äëÿ ÿâíèõ ìåòîäiâ. Ïðèéìåìî βij = 0 çà i ≤ j,
α1 = 0, à òàêîæ a11 = 1, a1i = a23 = a24 = 0,

(
i = 2, 4

)
. Òîäi ç êîåôiöi¹íòiâ ó hy4n · f,

h2y3n · f, h3y2n · f3 i h4yn · f4 âèïëèâà¹, ùî

a21 + a22 = 0,

4∑
i=1

a3i = 0,

4∑
i=1

a4i = 0.

Ó ïiäñóìêó ìàòèìåìî:

hy4nf : a21 + a22 +

4∑
i=1

a3i +

4∑
i=1

a4i = 0,

h2y4nDf :
1

2
− {(a22 + a32 + a42)α2 + (a33 + a43)α3 + (a34 + a44)α4} = 0,

h3y4n
∂f

∂y
Df :

1

6
− {(a33 + a43)β32α2 + (a34 + a44) (β42α2 + β43α3)} = 0,

h3y4nD
2f :

1

6
−
{
(a22 + a32 + a42)

α2
2

2
+ (a33 + a43)

α2
3

2
+ (a34 + a44)

α2
4

2

}
= 0,

h3y3nf ·Df : −1

2
− {(a22 + a32 + a42)α2 + (a33 + a43)α3 + (a34 + a44)α4}+

+2 {(a22 + a32)α2 + a33α3 + a34α4} = 0,

h4y4n ·D3f :
1

24
− 1

6

{
(a22 + a32 + a42)α

3
2 + (a33 + a43)α

3
3 + (a34 + a44)α

3
4

}
= 0,

h4y4n
∂f

∂y
D2f :

1

24
− 1

2

{
(a33 + a43)β32α

2
2 + (a34 + a44)

(
β42α

2
2 + β43α

2
3

)}
= 0,

h4y4nDfD
∂f

∂y
:

3

24
− {(a33 + a43)α3β32α2 + (a34 + a44)α4 (β42α2 + β43α3)} = 0,

h4y4n

(
∂f

∂y

)2

Df :
1

24
− (a34 + a44)β43β32α2 = 0,

h4y3n · f ·D2f : −1

6
+ 2

{
(a22 + a32)

α2
2

2
+ a33

α2
3

2
+ a34

α2
4

2

}
−

−
{
(a22 + a32 + a42)

α2
2

2
+ (a33 + a43)

α2
3

2
+ (a34 + a44)

α2
4

2

}
= 0,
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h4y3nf
∂f

∂y
Df : −1

6
+ 2 (a33β32α2 + a34 (β42α2 + β43α3))−

− (a33 + a43)β32α2 − (a34 + a44) (β42α2 + β43α3) = 0,

h4y3n (Df)
2
: −1

2
[(a22 + a32 + a42)α2 + (a33 + a43)α3 + (a34 + a44)α4] +

+ (a22α2)
2
= 0,

h4y2nf
2Df :

1

2
− 3a22α2 + 2 {(a22 + a32)α2 + a33α3 + a34α4} = 0,

α1 = 0, αi =

i−1∑
j=1

βij , (i = 2, 3, 4) ,

a11 = 1,

4∑
i=1

a4i = 0,

4∑
i=1

a3i = 0,

a21 + a22 = 0, a1i = 0, i = 2, 3, 4; a23 = a24 = 0.

(8)

Ç ðiâíÿíü äëÿ êîåôiöi¹íòiâ ó h2y4n · Df, h3y3nf · Df, h4y3n (Df)
2
, h4y2nf

2Df
âèïëèâà¹, ùî

a21α2 =
1

2
,

4∑
i=2

a3iαi = 0,

4∑
i=2

a4iαi = 0.

À ç ðiâíÿíü äëÿ êîåôiöi¹íòiâ ó h3y4n ·D2f, h4y3nf ·D2f i h3y4n ·
∂f

∂y
·Df, h4y3nf ·Df

çíàéäåìî, ùî

(a22 + a32)
α2
2

2
+ a33

α2
3

2
+ a34

α2
4

2
=

1

6
,

a33β32α2 + a34 (β42α2 + β43α3) =
1

6
,

i òîäi

a42
α2
2

2
+ a43

α2
3

2
+ a44

α2
4

2
= 0,

a43β32α2 + a44 (β42α2 + β43α3) = 0.

Òàê îäåðæàëè ñèñòåìó
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

(a22 + a32 + a42)α2 + (a33 + a43)α3 + (a34 + a44)α4 =
1

2
,

(a22 + a32 + a42)
α2
2

2
+ (a33 + a43)

α2
3

2
+ (a34 + a44)

α2
4

2
=

1

6
,

(a22 + a32 + a42)
α3
2

6
+ (a33 + a43)

α3
3

6
+ (a34 + a44)

α3
4

6
=

1

24
,

(a33 + a43)β32α2 + (a34 + a44) (β42α2 + β43α3) =
1

6
,

(a33 + a43)β32α
2
2 + (a34 + a44)

(
β42α

2
2 + β43α

2
3

)
=

1

12
,

(a33 + a43)α3β32α2 + (a34 + a44) (β42α2 + β43α3) =
3

24
,

(a34 + a44)β43β32α2 =
1

24
,

4∑
i=1

a4i = 0,

4∑
i=2

a4iαi = 0,

4∑
i=2

a4i
α2
i

2
= 0,

a43β32α2 + a44 (β42α2 + β43α3) = 0,
4∑

i=1

a3i = 0,

4∑
i=2

a3iαi = 0,

(a22 + a32)
α2
2

2
+ a33

α2
3

2
+ a34

α2
4

2
=

1

6
,

a33β32α2 + a34 (β42α2 + β43α3) =
1

6
,

a21 + a22 = 0, a22α2 =
1

2
, αi =

i−1∑
j=1

βij .

(9)

Îïèøåìî ñõåìó ðîçâ'ÿçóâàííÿ ñèñòåìè (9).
Íåõàé α2 = α3. Ç ïåðøèõ äâîõ ðiâíÿíü âèçíà÷èìî

a22 + a32 + a42 + a33 + a43 =
3α4 − 2

6α3 (α4 − α3)
,

a34 + a44 =
2− 3α3

6α4 (α4 − α3)
.

Ïiäñòàâèâøè öi çíà÷åííÿ â òðåò¹ ðiâíÿííÿ ñèñòåìè, îäåðæèìî ñïiââiäíîøåííÿ,
ÿêå ïî¹äíó¹ ïàðàìåòðè α3 i α4

4 (α3 + α4)− 6α3α4 − 3 = 0, α4 =
3− 4α3

2 (2− 3α3)
. (10)

Ç ÷åòâåðòîãî i ï'ÿòîãî ðiâíÿíü âèïëèâà¹, ùî α3 =
1

2
, òîäi çãiäíî ç (10) α4 = 1.

Ç ðiâíÿíü a22α2 =
1

2
, a21 + a22 = 0 îäåðæèìî

a21 = − 1

2α2
= −1, a22 =

1

2α2
= 1.

Òåïåð ç ðiâíÿíü

4∑
i=1

a3i = 0,

4∑
i=1

a3iαi = 0, (a22 + a32)
α2
2

2
+ a33

α2
3

2
+ a34

α2
4

2
=

1

6
,
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îòðèìà¹ìî

a31 =
1

6
, a32 + a33 = −1

3
, a34 =

1

6
.

Ç ðiâíÿíü (ç âîñüìîãî äî îäèíàäöÿòîãî) âèïëèâà¹, ùî a4i = 0, (i = 1, 4). Âèêîðèñ-
òîâóþ÷è ñüîìå ðiâíÿííÿ, çàïèøåìî β32 i β43

β32 =
1

24 (a34 + a44)β43α3
=

1

2β43
.

Ç ÷åòâåðòîãî i øîñòîãî ðiâíÿííÿ pj,hfpbvj a33 i β42 ÷åðåç β43

a33 =
1

6β32
=

β43

3
, β42 = 1− β43,

i òîäi â a32 = −1 + β43

3
. Iç ñïiââiäíîøåíü αi =

i−1∑
j=1

βij

(
i = 2, 4

)
âèçíà÷èìî

β21 =
1

2
, β31 =

1

2
− 1

2β43
, β41 = 0.

Îòæå, ðîçâ'ÿçîê ñèñòåìè (9) íàáóâà¹ âèãëÿäó

α2 = α3 =
1

2
, α4 = 1, β21 =

1

2
, β31 =

1

2
− 1

2β43
,

β32 =
1

2β43
, β41 = 0, β42 = 1− β43,

a11 = 1, a21 = −1, a22 = 1, a31 =
1

6
, a32 = −1 + β43

3
,

a33 =
β43

3
, a34 =

1

6
, (a1i = 0, i = 2, 4; a4i = 0, i = 1, 4,

a23 = a24 = 0; βij = 0, i ≤ j) .

(11)

Ïðèâåäåìî êîíêðåòíèé íàáið çíà÷åíü ïàðàìåòðiâ aij , αi, βij

α2 = 1/2, α3 = 1/2, β21 = 1/2, β31 = 0, β32 = 1/2,

α4 = 1, β41 = 0, β42 = 0, β43 = 1, a11 = 1, a12 = a13 = a14 = 0,

a21 = −1, a22 = 1, a31 = 1/6, a32 = −2/3,

a33 = 1/3, a34 = 1/6, a4i = 0, (i = 1, 4).

(12)

Ïðè α2 ̸= α3 ìàòèìåìî:

a11 = 1, a21 = − 1

2α2
, a22 =

1

2α2
, β21 = α2,

a32 =
3 (1 + 2α3α4)− 4 (α3 + α4)− 6 (α3 − α2) (α4 − α2)

12α2 (α3 − α2) (α4 − α2)
,

a33 =
3 (1 + 2α2α4)− 4 (α2 + α4)

12α3 (α2 − α3) (α4 − α3)
, β32 =

4α4 − 3

24α2 (α4 − α3) · a33
,
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a34 =
3 (1 + 2α3α3)− 4 (α2 + α3)

12α4 (α4 − α2) (α4 − α3)
, β31 = α3 − β32,

a31 = − (a32 + a33 + a34) , β41 = α4 − β42 − β43,

β42 =
(3− 4α3) (α3 − α2) + 2 (2α2 − 1) (α4 − α3)

24α2 (α4 − α3) (α3 − α2) · a34
, a12 = a13 = a14 = 0,

β43 =
1− 2α2

12α3 (α3 − α2) · a34
, a23 = a24 = 0, a4i = 0, i = 1, 4, (13)

äå α4 = 1, α2 i α3 � äîâiëüíi ÷èñëà, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

α2 · α3 (α2 − α3) (1− α2) (1− α3) ̸= 0.

Çàóâàæåííÿ. ßêùî ðîçãëÿíóòè ôîðìóëè (2)-(3) ïðè k = 3, l = 1; k = 2, l =
2 ; k = 3, l = 1, òî, ïðîâiâøè àíàëîãi÷íi âèêëàäêè, îòðèìà¹ìî, ùî çà òèõ ñàìèõ

ïàðàìåòðiâ aij , αi βij ìà¹ìî îöiíêó y (xn+1)− y
[k,l]
n+1 = O

(
h5
)
.

3. Äâîñòîðîííi ðîçðàõóíêîâi ôîðìóëè òðåòüîãî ïîðÿäêó

òî÷íîñòi

Äëÿ îöiíêè ëîêàëüíî¨ ïîõèáêè íà êîæíîìó êðîöi iíòåãðóâàííÿ ïîáóäîâàíî äâî-
ñòîðîííi íàáëèæåííÿ òðåòüîãî ïîðÿäêó òî÷íîñòi. Öi ðîçðàõóíêîâi ôîðìóëè áóäóþòü
òàê, ùîá ëîêàëüíi ïîõèáêè ñõåìè â êîæíié âóçëîâié òî÷öi íàáóâàëè âèãëÿäó:

y (xn+1)− yn+1 = ωhpKF (f) +O(hp+1),

äå y(xn+1) i yn+1, âiäïîâiäíî, òî÷íèé i íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1); h �
êðîê iíòåãðóâàííÿ; F (f) � äåÿêèé äèôåðåíöiàëüíèé îïåðàòîð, îá÷èñëåíèé ó òî÷öi
(xn, yn); K � êîíñòàíòà; p � ïîðÿäîê òî÷íîñòi; ω � ïàðàìåòð äâîñòîðîííîñòi.

Ïðèðiâíÿ¹ìî ó ñïiââiäíîøåííÿõ (8) êîåôiöi¹íòè ïðè h4y3nfD
2f i h4y3nf

∂f
∂yDf äî ω.

Ïiñëÿ ñïðîùåíü â ñèñòåìi (9) îòðèìà¹ìî íàñòóïíi ðiâíÿííÿ:

4∑
i=2

a4i
α2
i

2
= −ω

2
,

a43β32α2 + a44 (β42α2 + β43α3) = −ω

2
.

(14)

Ðîçâ'ÿçàâøè ñèñòåìó (9) ïðè óìîâàõ (14), îòðèìà¹ìî çíà÷åííÿ ïàðàìåòðiâ aij , αi,
βij äëÿ äâîñòîðîííiõ îá÷èñëþâàëüíèõ ôîðìóë. Íàâåäåìî çíà÷åííÿ ïàðàìåòðiâ ïðè
α2 = α3

α2 = α3 =
1

2
, β21 =

1

2
, β31 =

1

2
− 1

2β43
, β32 =

1

2β43
,

α4 = 1, β41 = 0, β42 = 1− β43,

a11 = 1, a12 = a13 = a14 = 0, a21 = −1, a22 = 1, a23 = a24 = 0,

a31 =
1

6
+ 2ω, a32 = 2ω (β43 − 2)− 1

3
(1 + β43) ,

a33 =
1

3
β43 (1− 6ω) , a34 =

1

6
+ 2ω, a41 = −2ω,
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a42 = 2ω (2− β43) , a43 = 2β43ω, a44 = −2ω, (15)

äå β43 � âiäìiííèé âiä íóëÿ ïàðàìåòð. Ó öüîìó âèïàäêó

yn+1−y
[4,0]
n+1 = ωh4 f

(
D2f + fyDf

)
yn − hf

+O
(
h5
) ∼= ωh2f

(
4∑

i=1

ã4iki

)
/yn−1+O

(
h5
)
. (16)

Çíàþ÷è ëèøå ki (i = 1, 4), ìîæíà â êîæíié âóçëîâié òî÷öi îöiíèòè âåëè÷èíó
ãîëîâíîãî ÷ëåíà ëîêàëüíî¨ ïîõèáêè Ïàðà ôîðìóë, ùî âiäïîâiäà¹ äâîì çíà÷åííÿì ω,
ÿêi âiäðiçíÿþòüñÿ ëèøå çíàêîì, ñòàíîâëÿòü ôîðìóëè äâîñòîðîííüîãî ìåòîäó. Çà
íàáëèæåíèé ðîçâ'ÿçîê ïðèéìà¹ìî ïiâñóìó äâîñòîðîííiõ íàáëèæåíü.

Öi ðîçðàõóíêîâi ôîðìóëè âèêîðèñòîâóâàëè äëÿ ðîçðàõóíêó é àíàëiçó ðîçïîäi-
ëó ìàãíiòíîãî ïîëÿ ó ìàãíiòîòâåðäîìó øàði, ùî çíàõîäèòüñÿ çà óìîâ îäíî÷àñíî¨ äi¨
ãàðìîíiéíîãî çà ÷àñîì i ïîñòiéíîãî ìàãíiòíîãî ïîëiâ.

4. Âèñíîâêè

Çàïðîïîíîâàíi ôîðìóëè, âèêîðèñòîâóþ÷è ëèøå ÷îòèðè çâåðòàííÿ äî ïðàâî¨
÷àñòèíè äèôåðåíöiàëüíîãî ðiâíÿííÿ, äàþòü çìîãó îòðèìóâàòè â êîæíié âóçëîâié
òî÷öi íå òiëüêè îäíîñòîðîííié ìåòîä ÷åòâåðòîãî ïîðÿäêó òî÷íîñòi òà äâîñòîðîííi
ôîðìóëè òðåòüîãî ïîðÿäêó òî÷íîñòi, à òàêîæ îöiíêó ãîëîâíîãî ÷ëåíà ïîõèáêè
äâîñòîðîííiõ íàáëèæåíü.

Çàóâàæèìî, ùî âiäîìi âiäïîâiäíi äâîñòîðîííi ìåòîäè Ðóíãå-Êóòòà òðåòüîãî ïî-
ðÿäêó òî÷íîñòi ìiñòÿòü ùîíàéìåíøå øiñòü çâåðòàíü äî ïðàâî¨ ÷àñòèíè âèõiäíîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Ìîäóëüíèé õàðàêòåð çàïðîïîíîâàíèõ ðîçðàõóíêîâèõ ôîðìóë äà¹ çìîãó â êîæíié
òî÷öi iíòåãðóâàííÿ îòðèìàòè êiëüêà íàáëèæåíü äî òî÷íîãî ðîçâ'ÿçêó, ïîðiâíÿííÿ
ÿêèõ âèêîðèñòîâóþòü äëÿ âèáîðó êðîêó iíòåãðóâàííÿ.
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Many applied problems, for example, when designing electronic circuits, automatic
control systems, calculating the dynamics of mechanical systems, chemical kinetics prob-
lems, in the general case are reduced to solving nonlinear di�erential equations and their
systems. The order of the system of di�erential equations depends on the selected model.

Exact solutions to the studied problems can be obtained only in individual cases.
Therefore, it is necessary to use approximate methods. In the study of mathematical
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models, there is a need to �nd not only an approximate solution, but also a guaranteed
estimate of the error.

The use of traditional two-sided Runge-Kutta methods leads to a signi�cant increase
in the volume of calculations, since the construction of upper and lower approximations
to the exact solution requires additional calls to the right side of the di�erential equation
and, in addition, these methods do not estimate the main member of the local error.

Fractional-rational approximations are widely used in applied mathematics, since un-
der appropriate conditions they give a high convergence rate, monotonous and two-sided
approximations, and have a weak sensitivity to rounding error.

In this paper, nonlinear methods of Runge-Kutta type of the fourth order of accuracy,
as well as bilateral third-order formulas for solving the Cauchy problem for ordinary dif-
ferential equations based on continued fractions, are derived. In the proposed approach,
using only four calls to the right side of the di�erential equation, a fourth-order accuracy
method is constructed, as well as upper and lower approximations to the exact solution of
the third order of accuracy. For the practical estimation of the error at each integration
step in the case of using formulas of the Runge-Kutta type of the fourth order of accuracy,
two-sided third-order computational formulas are used. Note that when using the proposed
calculation formulas in each grid node, several approximations to the exact solution will be
obtained, the comparison of which gives useful information, in particular, in the question
of choosing the integration step or in assessing the accuracy of the result.

Key words: Initial value problem, continued fractions, numerical methods, nonlinear meth-
ods, two-sided approximation.


