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In the paper we consider the following Cauchy problem for the systems of the ordinary
differential equations

Y(E) + K(tp(t),¢' (1) =S@1), t€(0,T), )
P(0) =40, ¢'(0) =9l

where K and S are some vector-valued functions, 1°,9! € R? are some fixed vectors.
Such systems appear in various classical mechanics problems because they follow from
Newton’s second law of the dynamics. If we use the Faedo-Galerkin method for the seeking
of the weak solution to the initial boundary value problem for the linear or nonlinear
hyperbolic equations, then we also use the problems of type (*) for the construction of the
approximation functions. In practice, the Cauchy problems of type (*) often are reduced
to the following Cauchy problem of the higher dimension:

¢/(t) = e(t)v te (07 T)v
el(t) = S(t) - K(t7 ¢(t):9(t))7 te (OvT)v (**)
P(0) =0, 0(0) =y

Then the standard Peano/Carathéodory types existence theorems are used. But these
are local theorems and they should be complemented by some extension theorems. On
the other hand we can seek the global solutions of problems (*) or (**) directly. In the
present paper we find the conditions of the global solvability of the Cauchy problem (*).
Corresponding results for problem (**) we got in our previous paper. These conditions
contain the Carathéodory existence conditions and the Lasalle extension conditions for
(*). Finally, we use these facts to proving the existence theorem for the initial boundary
value problem for some nonlinear hyperbolic equations with the variable exponent of the
nonlinearity.

Key words: ordinary differential equations, Cauchy problem, global weak solution.

1. INTRODUCTION

Let d € N and T > 0 be fixed numbers, O := (0,7) x R x RY, We seek a weak
solution 1 : (0,T) — R? of the following problem:

() + K(t0(1),4'(1) = S(t), te(0,T), (1)
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$(0) = ¢°, (2)
¥'(0) = ¢, (3)

where K : O — R% and S : (0,7) — R? are some functions (for the sake of convenience
we have assumed that K (t,0,0) = 0 for every t € (0,T)), ¥° := (¢?,...,¢9) € R, and
W= (..., 0) € R

The systems of type (1) have been widely used in many applications. For example,
let us consider one classical problem: the stone with the mass m is thrown at an angle o
to the horizon and it moves in a medium whose resistance is proportional to the velocity
v (see Fig. 1 below). We need to find trajectory of the motion of the stone. Then at any
point of the trajectory N(z,y) on the stone there are two forces: the gravity P = mg
and the strength of the medium’s resistance F' = kv.

On the basis of the second law of dynamics, equations of the motion of the stone after
certain transformations will have a form (see [1, p. 500-501])

(1) + 2wy = 0,
? t € [0,T].
y'(6) + —y'(t) = —g,

This is a system of type (1).

Studying many other problems of the classical mechanics results in systems of the ordi-
nary differential equations containing derivatives of the second order of the unknown func-
tions. In addition, the systems of such type appear in researching via Faedo-Galerkin’s
method of initial-boundary value mixed problems for the hyperbolic equations with the
variable exponents of nonlinearity (see Section 4 below).

Y A

F N(X,y)

o X
VP >

Fig. 1. Classical mechanics problem: stone is thrown upward from the ground at an angle

This paper is organized as follows. In Section 2, we formulate main result of our article.
In Section 3, we prove main theorem. The results obtained here are generalizations and
complements of the results from [2], where the another type of the systems is considered.
The fourth Section involves the applying obtained results to the proving of the existence
theorem of the global solutions to the initial-boundary value problem for some hyperbolic
equations with the variable exponent of the nonlinearity.

2. NOTATION AND STATEMENT OF MAIN RESULT

Suppose that p € [1,o0], X is Banach space, C([0,T]; X) and C™([0,T]; X) are the
spaces of the X-valued smooth functions defined on [0, 7] (see [3, p. 147]), LP(0,T; X) is
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the Lebesgue-Bochner space (see [3, p. 155]), and W™P(0,T'; X) is the Sobolev-Bochner
space (see [4, p. 286]).

Definition 1. A real-valued vector-function ¢ € W?21(0,T;R%) is called a weak
solution of the Cauchy problem (1)-(3) if v satisfies initial value condition (2)—(3) and
satisfies system (1) almost everywhere.

First, let us recall some auxiliary facts. Let £ € N, Q := (0,T) xR, (-, -)ge be a scalar
product in RY, and | - [ge := /(- - )pe-

Definition 2. We shall say that the function F : Q — R’ satisfies the Carathéodory
condition if for every ¢ € R? the function (0,T) >t — F(t,¢) € R’ is measurable and if
for a.e. t € (0,T) the function R* > ¢ — F(t,() € R? is continuous.

Definition 3. (see [5, p. 241]). We shall say that the function F : Q — R satisfies
the LP-Carathéodory condition if F' satisfies the Carathéodory condition and for every
R > 0 there exists a function hr € L”(0,T) such that

[E(t, Qlre < hr(t) (4)

for a.e. t € (0,T) and for every ( € Dp = {y € R | |y| < R}.
Further, let us consider the problem

@/(t) + L(t7 (p(t)) =M(), te (07T>7 (5)

90(0) = QOO’ (6)
where M : (0,7) — R and L : Q — R are some functions (for the sake of convenience
we have assumed that L(t,0) = 0 for every t € (0,7)), Q := (0,7) x R, £ € N, and
¢° = (41, ¢0) €RE

Definition 4. A real-valued function ¢ € W(0,T;R?) is called a weak solution of
problem (5)—(6) if u satisfies (6) and satisfies system (5) almost everywhere.

Proposition 5. (the first Carathéodory-LaSalle Theorem, see Theorem
3.24, [2], p- 872) Suppose that p > 2, L : Q — R’ satisfies LP-Carathéodory condition,
M € LP(0,T;RY), and ¢° € RY. If there exists a nonnegative functions a, 3 € L*(0,T)
such that for every £ € R® and for a.e. t € (0,T) the inequality

(L(t,€), O)pe = —a(t)[€]* = B(t) (7)

holds, then problem (5)-(6) has a global weak solution o € W1P(0,T;R).

The main result of the present paper is the following Theorem.

Theorem 6. (the second Carathéodory-LaSalle Theorem) Suppose that p > 2,
the function K : O — R? satisfies LP-Carathéodory condition, S € LP(0,T;R%), and
0,1 € R, Then if there exist nonnegative functions v, o,w € L'(0,T) such that for
every £, € R? and for a.e. t € (0,T) the inequality

(K(t,&m),mra = =) [Elga — o (®)Inlge — w(t) (8)
holds, then problem (1)-(3) has a global weak solution 1) € W2P(0, T; R?).

3. PROOF OF MAIN THEOREM

Let’s reduce problem (1)—(3) to the problem of type (5)—(6). We introduce a new
function 6 by the rule § = ¢’. Using (1)—(3), we obtain

{w/—ezo, {w<o>=w0,
te(0,7), (9)
0+ K (. (1), 6(1) = S(8), 6(0) = .
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If we put

o= () ) M0 = sy )+ o= (ot ey ) #0= (1)

then instead of (9) we obtain problem (5)—(6). Let’s show that the conditions of Propo-
sition 5 are satisfied.

Clearly, if £,n € RY, ¢ € R??, and ¢ = ( f? ), then

(Clron = /1€ + 120 < /2max{€Bu 112} < VE(Ela +Inlee),  (10)

1€lra < [C|R2d, 1|ra < [¢lR24, (11)

and, in addition,

109~ (sl ) 2

Let us check that L : O — R?? satisfies the LP-Carathéodory condition. Indeed, for
ae. t € (0,7) and all ¢ € {y € R* | |y| < R}, from (10)—(12), we have the estimate

|L(t,Q)lr2a < V2(|nlga + K (t,€,1)|ra) < V2(R +hr(t) € LP(0,T),

where the function hg is taken from the definition that the function K : @ — R¢ sat-
isfies the corresponding LP-Carathéodory condition (see (4)). In addition, the standard

Carathéodory condition is also fulfilled.
Let us check that M € LP(0,T;R??). Since S € LP(0,T;R9),

Ml = |( g0y )| = VI ISOR = Is(0l € 220.7)

Let us check that the analog of condition (7) is executed. Since

R2d

1 1
(& Mra < |€|Ra - nlpe < 5‘5|112w + §|77|]?gda &neRY,

from (8) and (12) it follows that

(L(t,¢), C)pea = < K(;Zﬂ?) > : < 757 ) =-—m& —n2&2 — ... — naat

+Kim + Kona + ...+ Kang = —(&,m)ra + (K(t,£,1),7)gra >

1 1
>~ 16l = 5 InfEe OI8O nfEe — w(t) >

> —max{5 +7(0), 5 +0(0) ol — w0

Hence, the analog of estimate (4) is true. Then first Carathéodory-LaSalle Theorem (Pro-
position 5) implies that problem (5)—(6) has a global weak solution ¢ € WP (0, T; R?%).
By (9) we get that ¢’ = 6 € WP(0,T;R%). Consequently, v € W2P(0,T;R?) and ) is
a global weak solution to problem (1)—(3). Theorem 6 is proved. [J
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4. APPLICATION OF MAIN RESULT

Let n € N be a fixed number, 2 C R™ be a bounded domain with smooth boundary
0, Qo1 :=Qx(0,T), either G =Q or G = Qo 1, M(G) is a set of all measurable func-
tions v : G — R, LP(G) is the Lebesgue space (see [6, p. 22, 24]), W™P?(G) and W)""(G)
are the Sobolev spaces (see [6, p. 45]), H™(G) = W™2(G), HMG) = W)"*(Q),
H~™(G) := [H"(G)]*, and

B1(G) :={q € L*(G) | ess inf q(y) > 0}.
y
If ¢ € B4 (G), then by definition, put

wimessinfaly), @ = es swa) p(3G) = [ )Y dy, 0 MG)
yeG yeG
G

The set LIW(G) := {v € M(G) | py(v;G) < 400} with respect to the Luxemburg
norm
o3 LG 1= inf{A > 0 | py(v/A:G) < 1)

is called the generalized Lebesgue space. It is well known that L¢(*)(G) is the Banach
space which is reflexive and separable (see [7, p. 599, 600, 604]). The properties of
this space is widely studied in [8]. Various equations with variable exponents of the
nonlinearities are considered in [8]- [15]. Here we consider the problem

U — Au + 9($7t)|ut\q(z)_2ut = f(z,t), (x,t) € Qor, (13)
ulaaxfo,1] = 0, (14)
Uli=o = uo(z), Utl=o =ui(x), z€Q, (15)

where A is the Laplacian, ¢ € B4 (), and ¢o > 1.
Let V := H}(Q) N L1(Q), (u,v)q = [yu(z)v(z) dz, u,v : @ = R, and let us
define the operator A : H}(Q) — H~1(2) by the rule

(Az, w) g1(q) = /szl T)wy, () dz, z,w € HH(Q), te(0,T).

We will need the following assumptions:
(G) g€ B+(Q0,T)7 Gt, it € LOO(QT)v qE€ B+(Q)7 and qo > 1;
(F): /. fi € L*(Qr);
(U): up € HX(Q) N H(Q), up € HF(Q) N LI (Q).
Definition 7. A real-valued function w is called a weak solution to problem (13)—(15),
if
u € L>(0,T; Hy(Q)) N C([0,T]; L*(Q)), w € L=(0,T;V)NC([0,T]; L*(2)),

uy € L>(0,T; L*(Q)), u satisfies initial value conditions (15), and for all v € V and for
a.e. t € (0,T) the following equality is true:

(e (t), 0) + (A)ult), v) g (o) + (glue ()79 2un(t), 0)0 = (f(1), v)o-
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The following Lemma and Proposition are needed.for the sequel.
Lemma 8. Suppose that condition (G) hold, {w’}jen C V, m € N,

K(tvfan) = (Kl(t1€777)7 < ~aKm(t7§7"7))7

where
Ku(t,6,m) == (Az™, w") ooy + (9(1)[C™ 9D 72¢™ wh)a,

n= 1,m, te (07T)7 5 = (617527 7§m) € Rm7 n= (77177727 777m) € R7n7

(@)=Y Guwt(e), (M(z)=) mut(e), @
p=1 n=1

Then there exists a constant C1(m) > 0 such that

(K(t,&n),nen = =Cr(m)(|* +[¢*), ¢ € (0,T). (16)

Proof. 1t is clear that

(K (& m)smem = (A1)2", C™) iy o) + (9(@, )| 1O 2™, (M) =

= [ @) @ + ot i W@dx>4/§j%L @@

Using Young’s inequality, we get

n

‘/Zz Nedt: dm‘<CQ/Z 2)? 4 |¢" ()ﬂdwg

CS/Z[ZKMQ'|w5i($)\2+2|77u|2 wk (@)] do <
i=1 p=1 n=1

Q¢
}:hmﬁ+mu = CylInl* + [¢I). (18)

Using (18), from (17) we get that estimate (16) holds, and Lemma 8 is proved. [J
Proposition 9. (see Lemma 3.25, [2], p. 874) Suppose that q € B4 (), qo > 1,
g€ L®(Qor), 2€ L1(Q),meN, = (&,....&) € R™ wl ... w™ € LI®(Q), and

m
w(z, &) = 121 &uw'(x). Then the function

10,6) = [ gla, Dl 1 (e () do. te O.T), R,
Q
satisfies the L°°-Carathéodory condition.

Theorem 10. Suppose that conditions (G)-(U) are satisfied. Then problem (13)-
(15) has a weak solution.
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Sketch of Proof. The solution will be constructed via Faedo-Galerkin’s method. As a
V' is a separable space, there exists a linearly independent dense everywhere in V' set of
the functions {w?},;cn which is orthonormal in L?(92). By definition, put

u(z,t) =Y V(! (2), (2,t) € Qor, mEN, (19)
j=1

where ¢ := (7", ...,¢") is a solution to the problem

(ufy (1), w)e + (Au™ (1), w") gy + (9(8) " (£)[ ) 720" (1), w') o =

= (f(t),w")q, t€(0,T), p=1,m, (20)
w{n(o) :a§n7 ) m(o) Za% (21)
(1) (0) = BT oo (P)e(0) = B (22)
Here of*,...,a™ € R, B, ... 8™ € R! we choose in a such way that the functions

af(2) =Y ol (2), wp(e) =Y Brwi(e), zeq
j=1 j=1

satisfy the conditions

ul — ug in H2(Q)NHI(Q), u" — wy in HH(Q)N LI (Q).
m—oo m—00
Notice, that u™|i—o = ug’, uf"|t=0 = uj".
Let us show that the mentioned function ™ = (Y77, ...,¢¥") exists. Let K be the
vector-function from Lemma 8. Then we reduce problem (20)—(22) to problem (1)—(3) if

Taking into account Proposition 9, we see that K satisfies the L*>°-Carathéodory condi-
tion. From the estimate (16) of Lemma 8 we get:

(Ko wm,or), | = =Csm)(j0m + [P,

where C5 > 0 is independent of ¢,1"™. Then Theorem 6 implies that there exists a global
weak solution ™ € W22(0,T;R™) to problem (20)—(22).

Finally, using conditions (G)-(U), similarly as in [16], we prove that the sequence
{u™}men defined in (19) has a subsequence {u™*},,, ey which tends as mj — 400 in a
certain sense to a solution u of problem (13)—(15), and so Theorem 10 is proved. O
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Poarnanynu Taky 3amady Komi gns cuctem 3BudailHuX audepeHIiaIbHIX PiBHAHD:

" /
W (1) + K (6, (8), /(1) = S(t), t € (0,T), o
— 0 10 — o1
$(0) = 4%, ¢'(0) =9,

ne K ta S — mesaxi Bexrop-dbyukmii; 0,9l € R? — pmesiki dikcoani BexTopu. CHcTeMu
TAaKOr'0O TUIIY BUHUKAIOTH y 6a.I‘aTbOX 3aJgavax KJ'IaCI/I“IHO.I. MeXaHiKH, 60 BOHHU BUILJIUBAIOTH 3
ApYroro auHaMivHOro 3akony HproToHa. fIKIIO 3a JOIOMOTOMO MeTOmy Daemo-I anpopkina
MIyKaTH PO3B’s30K MimaHwx 3agad JJis JiHIHHEWX 4 HeniHifiHuX piBHAHD rimepbosivrOrO
THIY, TO IpU NOOYAOBI rajbOPKIHCHKUX HAOJUKEHb MU T€X OTPUMAEMO 3aadi tumy (*).
Ha mpakrumni ass toro, mo6 poss’a3aru 3aga4i Komi tumy (*), iX 9acTo 3BOAATEH 10 TaKOL
3amadi Komri gyst cucremu Bumol po3mipHOCTi:

d]/(t) = Q(t), te (07 T)7
Gl(t) = S(t) - K(t» w(t)79(t))7 te (O,T), (**)
P(0) =0 0(0) =y

IToTiM BUKOPHUCTOBYIOTH CTAHJAAPTHI TeOpeMH iCHyBaHHS PO3B’s3Ky, Tuiry TeopeM Ileano uu
Kapareomopi. Ase 1i TeopeMu alOTh ICHYBaHHS JINIIE JOKAJIBHUX PO3B’A3KIB 33724 1 JIst
icHyBaHHsI TJI00JILHUX PO3B’sI3KiB Tpeba J01aTKOBO BUKOPUCTOBYBATH I€BHI TEOPEMH PO
NIPOJIOBXKEHHSI 3HAMAEHUX JIOKAJbHUX PO3B’#A3KiB. 3 iHmOro 60Ky, MOXKHA 3pa3y JOBOJTUTH
icnyBaunsi 11006a0bHEX pO3B’si3KiB 3agad (*) um (**). Mu 3naiinum ymosu rsio6asnbHOT
po3s’a3nocti 3axa4i Komi (*). Bignosiaui pesynpratu ana 3agadi (**) orpumasnu B Hamii
nonepenuiit crarri. Orpumani ymoBu noenmnyiors B cobi ymoBu Kapareomopi icmyBanns
pose’s3ky 3aza4i (*) 3 ymosamu Jlacasurst mpo IPOJOBKEHHS OBOTO PO3B’si3Ky. Hanpukinmi
MH BHUKODHUCTAJIH OTPHUMAaHI Pe3yabTaTH sl 3’SCYBAaHHS iCHYBAaHHS PO3B’SI3KY MiITaHOT
3amadi Ass HesinidHWx rinepOosivyHux piBHSHBL 31 3MIHHEMHE HOKA3HMKAME HEJIHIHHOCTI.

Knatouwost caosa: 3Bu4aiini qudepennianbii piBHaAHHESA, 3aga4da Komi, rinobanpHuil y3araib-
HEHUuH PO3B’s30K.



