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In the paper we consider the following Cauchy problem for the systems of the ordinary
di�erential equations{

ψ′′(t) +K(t, ψ(t), ψ′(t)) = S(t), t ∈ (0, T ),

ψ(0) = ψ0, ψ′(0) = ψ1,
(∗)

where K and S are some vector-valued functions, ψ0, ψ1 ∈ Rd are some �xed vectors.
Such systems appear in various classical mechanics problems because they follow from
Newton's second law of the dynamics. If we use the Faedo-Galerkin method for the seeking
of the weak solution to the initial boundary value problem for the linear or nonlinear
hyperbolic equations, then we also use the problems of type (*) for the construction of the
approximation functions. In practice, the Cauchy problems of type (*) often are reduced
to the following Cauchy problem of the higher dimension:

ψ′(t) = θ(t), t ∈ (0, T ),

θ′(t) = S(t)−K(t, ψ(t), θ(t)), t ∈ (0, T ),

ψ(0) = ψ0, θ(0) = ψ1.

(∗∗)

Then the standard Peano/Carath�eodory types existence theorems are used. But these
are local theorems and they should be complemented by some extension theorems. On
the other hand we can seek the global solutions of problems (*) or (**) directly. In the
present paper we �nd the conditions of the global solvability of the Cauchy problem (*).
Corresponding results for problem (**) we got in our previous paper. These conditions
contain the Carath�eodory existence conditions and the Lasalle extension conditions for
(*). Finally, we use these facts to proving the existence theorem for the initial boundary
value problem for some nonlinear hyperbolic equations with the variable exponent of the
nonlinearity.
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1. Introduction

Let d ∈ N and T > 0 be �xed numbers, O := (0, T ) × Rd × Rd. We seek a weak
solution ψ : (0, T ) → Rd of the following problem:

ψ′′(t) +K(t, ψ(t), ψ′(t)) = S(t), t ∈ (0, T ), (1)

c⃝ Buhrii O., Buhrii N., KholyavkaO., 2019



Buhrii O., Buhrii N., KholyavkaO.

10 ISSN 2078�5097. Âiñí. Ëüâiâ. óí-òó. Ñåð. ïðèêë. ìàòåì. òà iíô. 2019. Âèï. 27

ψ(0) = ψ0, (2)

ψ′(0) = ψ1, (3)

where K : O → Rd and S : (0, T ) → Rd are some functions (for the sake of convenience
we have assumed that K(t, 0, 0) = 0 for every t ∈ (0, T )), ψ0 := (ψ0

1 , . . . , ψ
0
d) ∈ Rd, and

ψ1 := (ψ1
1 , . . . , ψ

1
d) ∈ Rd.

The systems of type (1) have been widely used in many applications. For example,
let us consider one classical problem: the stone with the mass m is thrown at an angle α
to the horizon and it moves in a medium whose resistance is proportional to the velocity
v (see Fig. 1 below). We need to �nd trajectory of the motion of the stone. Then at any
point of the trajectory N(x, y) on the stone there are two forces: the gravity P = mg
and the strength of the medium's resistance F = kv.

On the basis of the second law of dynamics, equations of the motion of the stone after
certain transformations will have a form (see [1, p. 500-501])

x′′(t) +
k

m
x′(t) = 0,

y′′(t) +
k

m
y′(t) = −g,

t ∈ [0, T ].

This is a system of type (1).
Studying many other problems of the classical mechanics results in systems of the ordi-

nary di�erential equations containing derivatives of the second order of the unknown func-
tions. In addition, the systems of such type appear in researching via Faedo-Galerkin's
method of initial-boundary value mixed problems for the hyperbolic equations with the
variable exponents of nonlinearity (see Section 4 below).

Fig. 1. Classical mechanics problem: stone is thrown upward from the ground at an angle

This paper is organized as follows. In Section 2, we formulate main result of our article.
In Section 3, we prove main theorem. The results obtained here are generalizations and
complements of the results from [2], where the another type of the systems is considered.
The fourth Section involves the applying obtained results to the proving of the existence
theorem of the global solutions to the initial-boundary value problem for some hyperbolic
equations with the variable exponent of the nonlinearity.

2. Notation and statement of main result

Suppose that p ∈ [1,∞], X is Banach space, C([0, T ];X) and Cm([0, T ];X) are the
spaces of the X-valued smooth functions de�ned on [0, T ] (see [3, p. 147]), Lp(0, T ;X) is
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the Lebesgue-Bochner space (see [3, p. 155]), and Wm,p(0, T ;X) is the Sobolev-Bochner
space (see [4, p. 286]).

De�nition 1. A real-valued vector-function ψ ∈ W 2,1(0, T ;Rd) is called a weak
solution of the Cauchy problem (1)�(3) if ψ satis�es initial value condition (2)�(3) and
satis�es system (1) almost everywhere.

First, let us recall some auxiliary facts. Let ℓ ∈ N, Q := (0, T )×Rℓ, (·, ·)Rℓ be a scalar
product in Rℓ, and | · |Rℓ :=

√
(·, ·)Rℓ .

De�nition 2. We shall say that the function F : Q→ Rℓ satis�es the Carath�eodory
condition if for every ζ ∈ Rℓ the function (0, T ) ∋ t 7→ F (t, ζ) ∈ Rℓ is measurable and if
for a.e. t ∈ (0, T ) the function Rℓ ∋ ζ 7→ F (t, ζ) ∈ Rℓ is continuous.

De�nition 3. (see [5, p. 241]). We shall say that the function F : Q → Rℓ satis�es
the Lp-Carath�eodory condition if F satis�es the Carath�eodory condition and for every
R > 0 there exists a function hR ∈ Lp(0, T ) such that

|F (t, ζ)|Rℓ ≤ hR(t) (4)

for a.e. t ∈ (0, T ) and for every ζ ∈ DR := {y ∈ Rℓ | |y| ≤ R}.
Further, let us consider the problem

φ′(t) + L(t, φ(t)) =M(t), t ∈ (0, T ), (5)

φ(0) = φ0, (6)

where M : (0, T ) → Rℓ and L : Q → Rℓ are some functions (for the sake of convenience
we have assumed that L(t, 0) = 0 for every t ∈ (0, T )), Q := (0, T ) × Rℓ, ℓ ∈ N, and
φ0 = (φ0

1, . . . , φ
0
ℓ) ∈ Rℓ.

De�nition 4. A real-valued function φ ∈W 1,1(0, T ;Rℓ) is called a weak solution of
problem (5)�(6) if u satis�es (6) and satis�es system (5) almost everywhere.

Proposition 5. (the �rst Carath�eodory-LaSalle Theorem, see Theorem
3.24, [2], p. 872) Suppose that p ≥ 2, L : Q→ Rℓ satis�es Lp-Carath�eodory condition,
M ∈ Lp(0, T ;Rℓ), and φ0 ∈ Rℓ. If there exists a nonnegative functions α, β ∈ L1(0, T )
such that for every ξ ∈ Rℓ and for a.e. t ∈ (0, T ) the inequality

(L(t, ξ), ξ)Rℓ ≥ −α(t)|ξ|2 − β(t) (7)

holds, then problem (5)�(6) has a global weak solution φ ∈W 1,p(0, T ;Rℓ).
The main result of the present paper is the following Theorem.
Theorem 6. (the second Carath�eodory-LaSalle Theorem) Suppose that p ≥ 2,

the function K : O → Rd satis�es Lp-Carath�eodory condition, S ∈ Lp(0, T ;Rd), and
ψ0, ψ1 ∈ Rd. Then if there exist nonnegative functions γ, σ, ω ∈ L1(0, T ) such that for
every ξ, η ∈ Rd and for a.e. t ∈ (0, T ) the inequality

(K(t, ξ, η), η)Rd ≥ −γ(t)|ξ|2Rd − σ(t)|η|2Rd − ω(t) (8)

holds, then problem (1)�(3) has a global weak solution ψ ∈W 2,p(0, T ;Rd).

3. Proof of main Theorem

Let's reduce problem (1)�(3) to the problem of type (5)�(6). We introduce a new
function θ by the rule θ = ψ′. Using (1)�(3), we obtain{

ψ′ − θ = 0,

θ′ +K(t, ψ(t), θ(t)) = S(t),
t ∈ (0, T ),

{
ψ(0) = ψ0,

θ(0) = ψ1.
(9)
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If we put

φ(t) :=

(
ψ(t)
θ(t)

)
, M(t) :=

(
0

S(t)

)
, L(t, φ(t)) :=

(
−θ(t)

K(t, ψ(t), θ(t))

)
, φ0 :=

(
ψ0

ψ1

)
,

then instead of (9) we obtain problem (5)�(6). Let's show that the conditions of Propo-
sition 5 are satis�ed.

Clearly, if ξ, η ∈ Rd, ζ ∈ R2d, and ζ =

(
ξ
η

)
, then

|ζ|R2d =
√
|ξ|2Rd + |η|2Rd ≤

√
2max{|ξ|2Rd , |η|2Rd} ≤

√
2(|ξ|Rd + |η|Rd), (10)

|ξ|Rd ≤ |ζ|R2d , |η|Rd ≤ |ζ|R2d , (11)

and, in addition,

L(t, ζ) =

(
−η

K(t, ξ, η)

)
. (12)

Let us check that L : O → R2d satis�es the Lp-Carath�eodory condition. Indeed, for
a.e. t ∈ (0, T ) and all ζ ∈ {y ∈ R2d | |y| ≤ R}, from (10)�(12), we have the estimate

|L(t, ζ)|R2d ≤
√
2(|η|Rd + |K(t, ξ, η)|Rd) ≤

√
2(R+ hR(t)) ∈ Lp(0, T ),

where the function hR is taken from the de�nition that the function K : O → Rd sat-
is�es the corresponding Lp-Carath�eodory condition (see (4)). In addition, the standard
Carath�eodory condition is also ful�lled.

Let us check that M ∈ Lp(0, T ;R2d). Since S ∈ Lp(0, T ;Rd),

|M(t)|R2d =

∣∣∣∣( 0
S(t)

)∣∣∣∣
R2d

=
√
02 + |S(t)|2Rd = |S(t)|Rd ∈ Lp(0, T ).

Let us check that the analog of condition (7) is executed. Since

(ξ, η)Rd ≤ |ξ|Rd · |η|Rd ≤ 1

2
|ξ|2Rd +

1

2
|η|2Rd , ξ, η ∈ Rd,

from (8) and (12) it follows that

(L(t, ζ), ζ)R2d =

(
−η

K(t, ξ, η)

)
·
(
ξ
η

)
= −η1ξ1 − η2ξ2 − . . .− ηdξd+

+K1η1 +K2η2 + . . .+Kdηd = −(ξ, η)Rd + (K(t, ξ, η), η)Rd ≥

≥ −1

2
|ξ|2Rd − 1

2
|η|2Rd − γ(t)|ξ|2Rd − σ(t)|η|2Rd − ω(t) ≥

≥ −max
{1

2
+ γ(t),

1

2
+ σ(t)

}
|ζ|2R2d − ω(t).

Hence, the analog of estimate (4) is true. Then �rst Carath�eodory-LaSalle Theorem (Pro-
position 5) implies that problem (5)�(6) has a global weak solution φ∈W 1,p(0, T ;R2d).
By (9) we get that ψ′ = θ ∈ W 1,p(0, T ;Rd). Consequently, ψ ∈ W 2,p(0, T ;Rd) and ψ is
a global weak solution to problem (1)�(3). Theorem 6 is proved. �
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4. Application of main result

Let n ∈ N be a �xed number, Ω ⊂ Rn be a bounded domain with smooth boundary
∂Ω, Q0,T := Ω× (0, T ), either G = Ω or G = Q0,T , M(G) is a set of all measurable func-
tions v : G→ R, Lp(G) is the Lebesgue space (see [6, p. 22, 24]), Wm,p(G) and Wm,p

0 (G)
are the Sobolev spaces (see [6, p. 45]), Hm(G) := Wm,2(G), Hm

0 (G) := Wm,2
0 (G),

H−m(G) := [Hm
0 (G)]∗, and

B+(G) := {q ∈ L∞(G) | ess inf
y∈G

q(y) > 0}.

If q ∈ B+(G), then by de�nition, put

q0 := ess inf
y∈G

q(y), q0 := ess sup
y∈G

q(y), ρq(v;G) :=

∫
G

|v(y)|q(y) dy, v ∈ M(G).

The set Lq(y)(G) := {v ∈ M(G) | ρq(v;G) < +∞} with respect to the Luxemburg
norm

||v;Lq(y)(G)|| := inf{λ > 0 | ρq(v/λ;G) ≤ 1}

is called the generalized Lebesgue space. It is well known that Lq(y)(G) is the Banach
space which is re�exive and separable (see [7, p. 599, 600, 604]). The properties of
this space is widely studied in [8]. Various equations with variable exponents of the
nonlinearities are considered in [8]- [15]. Here we consider the problem

utt −∆u+ g(x, t)|ut|q(x)−2ut = f(x, t), (x, t) ∈ Q0,T , (13)

u|∂Ω×[0,T ] = 0, (14)

u|t=0 = u0(x), ut|t=0 = u1(x), x ∈ Ω, (15)

where ∆ is the Laplacian, q ∈ B+(Ω), and q0 > 1.
Let V := H1

0 (Ω) ∩ Lq(x)(Ω), (u, v)Ω :=
∫
Ω
u(x) v(x) dx, u, v : Ω → R, and let us

de�ne the operator A : H1
0 (Ω) → H−1(Ω) by the rule

⟨Az,w⟩H1
0 (Ω) :=

∫
Ω

n∑
i=1

zxi(x)wxi(x) dx, z, w ∈ H1
0 (Ω), t ∈ (0, T ).

We will need the following assumptions:
(G): g ∈ B+(Q0,T ), gt, gtt ∈ L∞(QT ), q ∈ B+(Ω), and q0 > 1;
(F): f, ft ∈ L2(QT );
(U): u0 ∈ H2(Ω) ∩H1

0 (Ω), u1 ∈ H1
0 (Ω) ∩ Lq(x)(Ω).

De�nition 7. A real-valued function u is called a weak solution to problem (13)�(15),
if

u ∈ L∞(0, T ;H1
0 (Ω)) ∩ C([0, T ];L2(Ω)), ut ∈ L∞(0, T ;V ) ∩ C([0, T ];L2(Ω)),

utt ∈ L∞(0, T ;L2(Ω)), u satis�es initial value conditions (15), and for all v ∈ V and for
a.e. t ∈ (0, T ) the following equality is true:

(utt(t), v)Ω + ⟨A(t)u(t), v⟩H1
0 (Ω) + (g|ut(t)|q(x)−2ut(t), v)Ω = (f(t), v)Ω.
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The following Lemma and Proposition are needed for the sequel.
Lemma 8. Suppose that condition (G) hold, {wj}j∈N ⊂ V , m ∈ N,

K(t, ξ, η) := (K1(t, ξ, η), . . . ,Km(t, ξ, η)),

where
Kµ(t, ξ, η) := ⟨Azm, wµ⟩H1

0 (Ω) + (g(t)|ζm|q(x)−2ζm, wµ)Ω,

µ = 1,m, t ∈ (0, T ), ξ = (ξ1, ξ2, ..., ξm) ∈ Rm, η = (η1, η2, ..., ηm) ∈ Rm,

zm(x) :=

m∑
µ=1

ξµw
µ(x), ζm(x) :=

m∑
µ=1

ηµw
µ(x), x ∈ Ω.

Then there exists a constant C1(m) > 0 such that

(K(t, ξ, η), η)Rm ≥ −C1(m)(|ξ|2 + |ζ|2), t ∈ (0, T ). (16)

Proof. It is clear that

(K(t, ξ, η), η)Rm = ⟨A(t)zm, ζm⟩H1
0 (Ω) + (g(x, t)|ζm|q(x)−2ζm, ζm)Ω =

=

∫
Ω

[ n∑
i=1

zmxi
(x) · ζmxi

(x) + g(x, t)|ζm(x)|q(x)
]
dx ≥ −

∣∣∣∫
Ω

n∑
i=1

zmxi
(x) · ζmxi

(x) dx
∣∣∣. (17)

Using Young's inequality, we get∣∣∣∫
Ω

n∑
i=1

zmxi
(x) · ζmxi

(x) dx
∣∣∣ ≤ C2

∫
Ω

n∑
i=1

[
|zmxi

(x)|2 + |ζmxi
(x)|2

]
dx ≤

≤ C3

∫
Ω

n∑
i=1

[ m∑
µ=1

|ξµ|2 · |ωµ
xi
(x)|2 +

m∑
µ=1

|ηµ|2 · |ωµ
xi
(x)|2

]
dx ≤

≤ C4

m∑
µ=1

(|ηµ|2 + |ζµ|2) = C4(|η|2 + |ζ|2). (18)

Using (18), from (17) we get that estimate (16) holds, and Lemma 8 is proved. �
Proposition 9. (see Lemma 3.25, [2], p. 874) Suppose that q ∈ B+(Ω), q0 > 1,

g ∈ L∞(Q0,T ), z ∈ Lq(x)(Ω), m ∈ N, ξ = (ξ1, . . . , ξm) ∈ Rm, w1, . . . , wm ∈ Lq(x)(Ω), and

w(x, ξ) :=
m∑
l=1

ξlw
l(x). Then the function

I(t, ξ) :=

∫
Ω

g(x, t)|w(x, ξ)|q(x)−2w(x, ξ)z(x) dx, t ∈ (0, T ), ξ ∈ Rm,

satis�es the L∞-Carath�eodory condition.
Theorem 10. Suppose that conditions (G)-(U) are satis�ed. Then problem (13)�

(15) has a weak solution.
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Sketch of Proof. The solution will be constructed via Faedo-Galerkin's method. As a
V is a separable space, there exists a linearly independent dense everywhere in V set of
the functions {wj}j∈N which is orthonormal in L2(Ω). By de�nition, put

um(x, t) :=

m∑
j=1

ψm
j (t)wj(x), (x, t) ∈ Q0,T , m ∈ N, (19)

where ψm := (ψm
1 , ..., ψ

m
m) is a solution to the problem

(umtt (t), w
µ)Ω + ⟨Aum(t), wµ⟩H1

0 (Ω) + (g(t)|umt (t)|q(x)−2umt (t), wµ)Ω =

= (f(t), wµ)Ω, t ∈ (0, T ), µ = 1,m, (20)

ψm
1 (0) = αm

1 , . . . , ψm
m(0) = αm

m, (21)

(ψm
1 )t(0) = βm

1 , . . . , (ψm
m)t(0) = βm

m . (22)

Here αm
1 , . . . , α

m
m ∈ R1, βm

1 , . . . , β
m
m ∈ R1 we choose in a such way that the functions

um0 (x) :=

m∑
j=1

αm
j w

j(x), um1 (x) :=

m∑
j=1

βm
j w

j(x), x ∈ Ω,

satisfy the conditions

um0 −→
m→∞

u0 in H2(Ω) ∩H1
0 (Ω), um1 −→

m→∞
u1 in H1

0 (Ω) ∩ Lq(x)(Ω).

Notice, that um|t=0 = um0 , umt |t=0 = um1 .
Let us show that the mentioned function ψm = (ψm

1 , ..., ψ
m
m) exists. Let K be the

vector-function from Lemma 8. Then we reduce problem (20)�(22) to problem (1)�(3) if

S(t) =
(
(f(t), w1)Ω, . . . , (f(t), wm)Ω

)
.

Taking into account Proposition 9, we see that K satis�es the L∞-Carath�eodory condi-
tion. From the estimate (16) of Lemma 8 we get:(

K(t, ψm, ψm
t ), ψm

t

)
Rm

≥ −C5(m)
(
|ψm|2 + |ψm

t |2
)
,

where C5 > 0 is independent of t, ψm. Then Theorem 6 implies that there exists a global
weak solution ψm ∈W 2,2(0, T ;Rm) to problem (20)�(22).

Finally, using conditions (G)-(U), similarly as in [16], we prove that the sequence
{um}m∈N de�ned in (19) has a subsequence {umk}mk∈N which tends as mk → +∞ in a
certain sense to a solution u of problem (13)�(15), and so Theorem 10 is proved. �
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Ðîçãëÿíóëè òàêó çàäà÷ó Êîøi äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü:{
ψ′′(t) +K(t, ψ(t), ψ′(t)) = S(t), t ∈ (0, T ),

ψ(0) = ψ0, ψ′(0) = ψ1,
(∗)

äå K òà S � äåÿêi âåêòîð-ôóíêöi¨; ψ0, ψ1 ∈ Rd � äåÿêi ôiêñîâàíi âåêòîðè. Ñèñòåìè
òàêîãî òèïó âèíèêàþòü ó áàãàòüîõ çàäà÷àõ êëàñè÷íî¨ ìåõàíiêè, áî âîíè âèïëèâàþòü ç
äðóãîãî äèíàìi÷íîãî çàêîíó Íüþòîíà. ßêùî çà äîïîìîãîþ ìåòîäó Ôàåäî-�àëüîðêiíà
øóêàòè ðîçâ'ÿçîê ìiøàíèõ çàäà÷ äëÿ ëiíiéíèõ ÷è íåëiíiéíèõ ðiâíÿíü ãiïåðáîëi÷íîãî
òèïó, òî ïðè ïîáóäîâi  àëüîðêiíñüêèõ íàáëèæåíü ìè òåæ îòðèìà¹ìî çàäà÷i òèïó (*).
Íà ïðàêòèöi äëÿ òîãî, ùîá ðîçâ'ÿçàòè çàäà÷i Êîøi òèïó (*), ¨õ ÷àñòî çâîäÿòü äî òàêî¨
çàäà÷i Êîøi äëÿ ñèñòåìè âèùî¨ ðîçìiðíîñòi:

ψ′(t) = θ(t), t ∈ (0, T ),

θ′(t) = S(t)−K(t, ψ(t), θ(t)), t ∈ (0, T ),

ψ(0) = ψ0, θ(0) = ψ1.

(∗∗)

Ïîòiì âèêîðèñòîâóþòü ñòàíäàðòíi òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó, òèïó òåîðåì Ïåàíî ÷è
Êàðàòåîäîði. Àëå öi òåîðåìè äàþòü iñíóâàííÿ ëèøå ëîêàëüíèõ ðîçâ'ÿçêiâ çàäà÷ i äëÿ
iñíóâàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ òðåáà äîäàòêîâî âèêîðèñòîâóâàòè ïåâíi òåîðåìè ïðî
ïðîäîâæåííÿ çíàéäåíèõ ëîêàëüíèõ ðîçâ'ÿçêiâ. Ç iíøîãî áîêó, ìîæíà çðàçó äîâîäèòè
iñíóâàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ çàäà÷ (*) ÷è (**). Ìè çíàéøëè óìîâè ãëîáàëüíî¨
ðîçâ'ÿçíîñòi çàäà÷i Êîøi (*). Âiäïîâiäíi ðåçóëüòàòè äëÿ çàäà÷i (**) îòðèìàëè â íàøié
ïîïåðåäíié ñòàòòi. Îòðèìàíi óìîâè ïî¹äíóþòü â ñîái óìîâè Êàðàòåîäîði iñíóâàííÿ
ðîçâ'ÿçêó çàäà÷i (*) ç óìîâàìè Ëàñàëëÿ ïðî ïðîäîâæåííÿ öüîãî ðîçâ'ÿçêó. Íàïðèêiíöi
ìè âèêîðèñòàëè îòðèìàíi ðåçóëüòàòè äëÿ ç'ÿñóâàííÿ iñíóâàííÿ ðîçâ'ÿçêó ìiøàíî¨
çàäà÷i äëÿ íåëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi.

Êëþ÷îâi ñëîâà: çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ, Çàäà÷à Êîøi, ãëîáàëüíèé óçàãàëü-
íåíèé ðîçâ'ÿçîê.


